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Abstract 

We investigate differentiability of functions defined on regions of 
the real quaternion field and obtain a noncommutative version of 
the Cauchy-Riemann conditions. Then we study the noncommuta- 
tive analog of the Cauchy integral as well as criteria for functions of 
a quternion variable to be analytic. In particular, the quaternionic 
exponential and logarithmic functions are being considered. Main re- 
sults include quaternion versions of Hurwitz' theorem, Mittag-Leffler's 
theorem and Weierstrass' theorem. 

1 Introduction 

The noncommutativity of the quaternion field H obstructs the immediate 
application of the theory of analytic and meromoprhic complex functions to 
functions of quaternion arguments. The latter may be thought of as func- 
tions of two noncommuting complex variables, but we shall adopt matrix 
notation representing the standard generators of the quaternions by their 
Pauli-matrices. This allows a rather elegant introduction of differentiable 
functions of a quaternion variable, integrals of functions along curves in H, 
residues of a function,... .The new results contained in this paper provide 
noncommutative analogs of the Cauchy-Riemann conditions for superdiffer- 
entiable functions as well as basic properties of the related noncommutative 
integrals, the argument principle, etc. ... The quaternionic residue theory 
depends on the definition and description of the exponential and logarithm 
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functions of quaternion variables. An explicit description of the exponen- 
tial is obtained in Proposition 3.2 allowing to view it as an epimorphism 
from a set of imaginary quaternions to the three dimensional quaternionic 
unit sphere. The relation between the quaternion version of holomorphicity 
and local analyticity is investigated, in particular we obtain in Theorem 3.10 
that for a continuous function on an open subset U of H, the property of 
being locally analytic follows from the integral holomorphicity. Section 3 
also contains the quaternionic version of the classical theorems of Cauchy, 
Liouville and Morera. Although the analytic theory of functions of a quater- 
nion variable, or more general of functions of noncommuting variables with 
suitable "commutation" rules, has an interest in its own right, we were more 
motivated by the connection with noncommutative geometry, the analytic 
structure induced on H modulo a Z-lattice, and the quaternionic version of 
arithmetical functions like the zeta-function. We hope to return to these 
applications in forthcoming work. 

Though some results in noncommutative geometry are concerned with 
function families ^ |^, |T3|, |2^ they are rather general and do not take into 
account the particular quaternion case and its specific features. It is neces- 
sary to note, that we use a weaker superdifferentiability condition, compared 
to, for example, |^, |T^. Traditionally one uses the condition, that a right 
derivative is right superlinear on a superalgebra, which causes severe restric- 
tions on these classes of functions (see Theorems 1.1.4 and 1.2.3 in ||13|| ). 



This is too restrictive in the particular quaternion it does not permit 

to describe an H-algebra of quaternion holomorphic functions on an open 
subset U in H" extending that of complex holomorphic functions. We have 
withdrawn the condition of right superlinearity of a super derivative on a su- 
peralgebra, supposing only that it is additive on H" and R-homogeneous. 
Nevertheless, it also satisfies distributivity and associativity laws relative to 
the multiplication from the right on (scalar) quaternions A G H and there 
are also distributivity and associativity laws relative to a left multiplication 
on A G H (see §2.1). That is, we have considered Frechet differentiable 
functions on the Euclidean space R^" with some additional conditions on 
increments of functions, taking into account a superalgebra structure. This 
permits to encompass classes of all analytic functions on a region in H", in 
particular, all polynomial functions. Moreover, this approach permits to in- 
vestigate an analog of functions having Laurent series expansions. We have 
proved, that for each complex holomorphic function / on a region V open 
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in C" there exists a quaternion holomorphic function F on a suitable region 
U in H" such that a restriction of F on coincides with /. The theory of 
complex holomorphic functions turns out to be rather different from a theory 
of quaternion holomorphic functions. The quaternion field H has nontrivial 
algebraic structure and identities, so there are different ways to define not 
only function spaces, but also their differentiations. A differentiation is not 
only analytic, it also has algebraic properties. In some sense the notion of 
the family of all quaternion holomorphic functions unifies together complex 
holomorphic and antiholomorphic functions. On the other hand, weaker dif- 
ferentiability, for example, "pointwise" as defined in the classical case by 
Gato yields a too poor algebraic structure of function spaces not taking 
into account the gradation of a superalgebra. 

In previous works |jT6|, [l^, |18|, [1^ the first author investigated loop and 
diffeomorphism groups of complex manifolfds and quasi-invariant measures 
and stochastic processes on them. Complex manifolds also have the structure 
of supermanifolds, since the field C can be considered as a graded algebra 
over R. The graded structure of the quaternion field over the reals is more 
complicated. Conceivably, the investigations in this work allow to continue 
this work for quaternion manifolds, loop and diffeomorphism groups of these 
manifolds, quasi-invariant measures and stochastic processes on them, as well 
as their associated representations including irreducible ones. 

2 Differentiability of functions of quaternion 
variables 

To avoid misunderstandings we first introduce notations. We write H for 
the skewfield of quaternions over the real field R. This skewfield can be 
represented as a subring of the ring M2(C) of all 2 x 2 complex matrices by 
representing the classical quaternion basis 1, i, j, fc, by the Pauli-matrices /, 
J, L defined as follows: 

-C?> -(o'°.> -(Vo> 

where i = (—1)^/^. Hence, each quaternion z is written as a 2 x 2 matrix 
over C having matrix elements Zi^i = ^2,2 =: t, ^1,2 = —^2,1 =: u, where 
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t and M G C such that t = v + iw and u = x + iy, v, w, x and y are 
in the field R of real numbers. The quaternion skewfield H has an anti- 
automorphism 7] of order two induced in H by the Hermite conjugation in 
M2(C), that is, rj : z ^ z, where Zi^i = t and Zi^2 = —u. There is a norm 
in H such that 1^1 = {\t\^ + hence det{z) = Iz]"^ and z = \z\'^z~^. 

The noncommutative field H is the Z2-graded R-algebra H = Hq + Hi, 
where elements of Hq are even and elements of Hi are odd (see, for example. 



i © El)- 

In view of noncommutativity of H a polynomial function P : f/ — > H 
may have several different representations 



k 

where b^j e H are constants, k = {ki, km), m G N, kj = {kj i,...,kj^2n), 
kjj e Z, z'^i := ^z'^i'^ '^z''^'"+'- ... "^z^i'"^ n~kj^2n^ i/> ■— 1^0 = 1, f/ is an open 
subset of H". Each term hk^iz'^^ ...hk^m.z^"' ='■ ^ipk, z,z) we consider as a 
word of length ^{u) = + J2j i^ipkj), where 5{kj^i) = for kj^i = 

and S{kj^i) = 1 for kj^i ^ 0, n^b^j) = j for bkj = 1, K{bkj) = j + I for 
G H \ {0, 1}. A polynomial P is considered as a phrase P of a length 
C(P) •= J^k^i^i^k, z, z)). Using multiplication of constants in H, commuta- 
tivity of vl with each ''z and 'z, and ^z" 'z* = '2;'^+* and 'z" ^z^ = ^z'^+'^, 
^z = '5 '2;, it is possible to consider representations of P as phrases 
P of a minimal lenght ^(P). We choose one such P of a minimal lenght. 
If / : f/ ^ H is a function presented by a convergent by z and z series 
f{z,z) = J2nPn{z, z), where Pn{vz,vz) = v'"'Pn{z,z) for each t> G R is a 
R- homogeneous polynomial, n e Z, then we consider among all representa- 
tions of / such for which ^(Pn) is minimal for each n G Z. We may use this 
convention separately for families of functions / having (a) z-series decom- 
positions, (6) i-series decompositions, (c) {z, z)-series decompositions (that 
is, by indicated variables). The corresponding families of locally analytic 
functions on U are denoted by C^(f/,H), Ct{U,Yi), C^,-(f/,H). If each P„ 
for / has a decomposition of a particular left type 

P{z,~z) = Y.Kpz'z''. 

k,p 

where < A;,p G Z, bk^p G H, then the space of all such locally analytic func- 
tions on U is denoted by iC-^^iJJ, H), for 2;-series or 5-series decompositions 
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only the corresponding spaces are denoted by /Ci^(f/, H) and ;Cf(f/, H) 
respectively. They are proper subspaces of that of given above. Spaces of 
locally analytic functions / having right type decompositions for each P„ 

k,p 

are denoted by rC'^^zi^, H), etc. 

2.1. Definition. Consider an open region U in H", the n-fold product 
of copies of H, and let / : f/ ^ H be a function. Then / is said to be (right) 
superdifferentiable at a point ( ^z,..., "z) = ei^z + ... + Cn^z E U (with 
respect to a chosen (right) H-basis for H", {ci, ...,e„}), if it can be written 
in the form 

n 

f{z + h) = fiz) + J2A^^h + eih)\h\ 

3=1 

for each h G H" such that z + h E U, where Aj G H for each j = 1, .... n and 
Aj is denoted by df{z)/d ^z, that is, there exists a (right) derivative f'{z) 
such that a (right) differential is given by 

DJ{z).h := f{z).h - Y,{df{z)/d h) ^h, 

where e{h) is a function continuous at zero such that e(0) = 0, 
ej — (0, 0, 1, 0, 0) is the vector in H" with 1 on j-ih place, 

DJiz).h =: iDf)iz;h) 

such that {Df){z; h) is additive in h and R-homogeneous, that is, 

{Df){z-M + h2) = {Df){h) + {Df){h2) and {Df){z;vh) = v{Df){z;h) 

for each hi, /i2 and h G H", v G R. There are imposed conditions: 

D^z^O, DJ^O, {D,z).h = h, 0^1 = 0, {D^z).h^h, D^l^O, 

also {D,{fg)).h = {{DJ).h)g + f{D,g).h 

for a product of two supcdiffcrentiable functions / and g and each h G H". 
We also have distributivity and associativity laws relative to multiplication 
from the right by (scalar) quaternions A G H: 

{D{f + g)){z; hX) = {Df){z; hX) + {Dg){z; hX), 
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{Df){z- h{\^ + A2)) = {Df){z- h\,) + {Df){z; hX^), 

{Df){z- {hX,)X,)^{Df){z;h{X^X,)) 

for each superdifferentiablc functions / and g aX z and each A, Ai and A2 G H. 
There are also left distributive and associative laws: 

{DX{f + g)){z- h) = X{Df){z- h) + X{Dg){z- h), 

{D{X, + X2)f){z- h) = Xr{Df){z- h) + A2p/)(^; h), 
{D{X,X2)f){z;h) ^ X,{DX2f){z;h). 

That is, we consider Prechet differentiable functions on the Euclidean 
space R'*" with some additional conditions on increments of functions, taking 
into account a superalgebra structure. Quite analogously we defined the 
notion of (right) superdifferentiability by z and by their pair {z, z). 

Notation. We write / as a 2 x 2 complex matrix with entries /^j 
such that /ij = gij + ihij and c/jj-, hi^j being real- valued functions. For 
n = 1 we also write ^z without its superscript. We may write a func- 
tion /(z, z) in variables (w, w, x, y) as F{v, w,x,y) = f o a{v, w, x, y), where 
(j( , 'w, 'x, 'y) = ( ''z, ^z) is a bijective mapping. 

2.2. Proposition. A function f : U ^ H is (right) superdifferentiablc 
at a point a & U if and only if F is Frechet differentiable at a and 

(2.1) D,f{z)U=a = 0- 

If in addition f'{a) is right superlinear on the superalgebra H", then f is 
superdifferentiablc at a if and only if F is Frechet differentiable at a and 
satisfies the following equations: 

(2.2) dGi,i/d = dHi^i/d ^w, dd^i/d = -dHi^i/d ^v, 

dGi,2/d = -dHi^2/d ^w, dGi,2/d = dHi^2/d ^v, 
dCi^i/d = -dHi^2/d ^x, dd^i/d % = (9/7i,2/<9 ^w, 
dGi,2/d = -dHi^i/d ^x, dGi^2/d ^x = dHi^i/d ^w, 
dG,,i/d ^x = ^y, dG^,,/d ^y = dH,,i/d 

9^1,2/9 ^x = 9//i,2/9 ^y, 9^1,2/9 H = -9//i,2/9 ^x, 
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or shortly in matrix notation: 

(2.3) dF/d H = {dFjd ^w)r^ = {dFjd H)K-^ = {dFjd ^y)L-^ 

for each j = 1, ...,n. 

Proof. Verify that z and z are independent variables. Suppose contrary 
that there exists 7 e H such that z+^z — for each z eH. This is equivalent 

to a system of two linear equations 7i,it — 71.2^^ = —i and 71,1^ + 71 2^ = —u. 
If ^ ^ 0, then 7i,i = -{t'^ + u^) /{Itl"^ + \u\^) and 71,2 = (tu - iu) / (\t\^ + {ul"^) , 
hence d'j/dt ^ and dj/du ^ 0. Therefore, there is not any 7 e H such 
that 2; + 75 = for each z eH. 

For each canonical closed compact set [/ in H the set of all polynomial 
by z and z functions is dense in the space of all continuous on U Frechet 
differentiable functions on Int{U). In particular functions of the form of 
series / = J2 hf---i„f converging on U together with its superdifferential 
on Int{U) such that each if is (right) superlinearly superdifferentiable on 
Int{U) relative to the superalgebra H" is dense in the R-linear space of 
(right) superdifferentiable functions. From conditions of §2.1 it follows, that 
the superdifferentiability conditions are defined uniquely on space of poly- 
nomials. Such that the superdifferentiability of a polynomial P on U means 
that it is expressible through a sum of products of ^z and constants from 
H, that is, without terms containing z. Suppose that / is superdifferentiable 
at a point a. To each f'{z) there corresponds a R-lincar operator on the 
Euclidean space R^". Moreover, we have the distributivity and associativ- 
ity laws for {Df){z;h) relative to the right multiplication on quaternions 
A e H (see §2.1). Then /(a + /i) -/(a) = Daf{a,a).h + D-af{a,a).h + €{h)\h\ 
— Daf{a, a).h+e{h)\h\, where e(/i) is continuous by h and e(0) = 0, therefore, 
Daf = 0. Vice versa, if F is Frechet differentiable, then expressing vl, wJ, 
xK and yL through linear combinations of z and z with constant coefficients 
we get the increment of / as above which is independent of h if and only if 

D-af = 0. 

Consider now the particular case, when /' is right super linear on the 
superalgebra H". In this case /'(a) is right H-linear. Using the definition of 
the right superderivative and that there is a bijective correspondence between 
z and {v,w,x,y) we consider a function / = f{z,z) = F{v,w,x,y) (right) 
superdifferentiable by z and z, hence it is also differentiable by {v, w, x, y) = 
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64) and we obtain the expressions: 

dF/d ^hi = {dF/d h).d h/d ^hi + {dF/d ^z).d ^~z/d ^bi, 

since d ^z/d '^bi = and d ^z/d '^bi = for each k ^ I. From D^f = and 
d ^z/d — I, d ^z/d — J, d ^z/d — K, d ^z/d — L we get Equa- 
tions (2.3). Substituting for the equation with pair of variables {v,w) 
in (2.3) wc get dFi^i/d^v = —idFi^i/d^w and dFi^^/d^v = idFi^2/d hv, 
substituting K^^J = L for Equation (2.3) with the pair of variables (w,x) 
we get: dFi^i/d^w = idFi^2/d '^x and dFi^i/d^x = —idFi^2/d ^w, substi- 
tuting L~^K — J for Equation (2.3) with pair of variables {x, y) we get 
dFi^i/d ^x — idFi^i/d ^y and dFi^2/d ^x — —idFx^2/d ^y. Using the equality 
Fij = Gij + iHi j wc get Equations (2.2) from the latter equations. 

Let now F be differcntiablc at a and let F be satisfying Conditions (2.2). 
Then f{z)-f{a) = E?=i{idF/d ^v)A {dF/d ^w)A {dF/d 'x)A 
{dF/d ^y) A '■y} + e{z — a)\z — a\, where A{^v, 'w, 'x, '■y) = a^^{ '■z) — a{ ^a) 
for each I — From Conditions (2.3) equivalent to (2.2) we get 

f{z) - f{a) = j:?=i{{dF/d ^v)IA {dF/d ^v)JA {dF/d ^v)KA 
{dF/d ^v)LA '■y} +e{z — a)\z — a\ = {dF/d ^v)IA ^z ~^e{z — a)\z — a\, where e 
is a function continuous at and e(0) = 0. Therefore, / is superdifferentiable 
by 2; at a such that f'{a) is right superlinear. 

2.3. Reiricirk. A function / superdifferentiable at each point a E U 
(by either 2; or f or {z,z)) is called superdifferentiable in U (by either z or 
z or {z,z) respectively). The first pair of equations in (2.2) yields the usual 
Cauchy-Riemann conditions for complex-valued diffcrcntiable functions. On 
the other hand, we restrict z by (j^ fj, then (2.1) also yields the usual 
Cauchy-Riemann condition in complex form Df/i i(t, 0) — 0. 

If a series f{z) = E/i,...,/„ hf{z)... ij{z) uniformly converges on U to- 
gether with its superdifferential, then 

DJ{z).h = E E iJi^)- h-J{^){D. ij{z).h) i^,J{z)... U{zl 

where each if is supposed to be superdifferentiable. A similar equality holds 
for Dzf. This illustrates, that in general a product of H- valued functions 
need not have a right superlinear superdifferential on the superalgebra H" 
even if each // has that property. Nevertheless such functions / satisfy the 
superdifferentiability conditions of Definition (2.1). 
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2.4. Corollary. Let f be a continuously superdijferentiable function by 
z with a right superlinear superdijferential on the superalgebra H" in an open 
subset U in H" and let F be twice continuously differentiable by {v,w,x,y) in 
U, then certain components of F are harmonic functions by pairs of variables 
{v,w), {w,x), {x,y) and {v,y), namely: 

(2.4) A = 0, A iwHi,i — 0, A iwGi,2 = 0, A i^^ iwHi,2 — 0, 

^ ^w, '■x^l,! = 0; ^ '■w, 'xHl,l = 0, A l^^ lxGl,2 = 0, A i^^ 1x^1,2 = 0, 
^ Ix, lyGl,l =0, A l^^ lyHl^l = 0, A ij.^ lyGl,2 = 0, A l^^ lyHl^2 = 0, 
A ly^ 'yGl,l — 0, A ly^ lyHl^l =0, A ly^ lyGl^2 —0, A ly^ lyHl^2 — 

for each I — 1, ..,n, where A i^^ iwG\,i '■— d'^Gi^i/d ^v^ + d^Gi^i/d 'w^. 

Proof. From the first row of (2.2) and in view of the twice continu- 
ous differentiabihty of F it follows, that d'^Gi^i/d 'f^ = d'^Hi^i/d ^vd = 
d^Hi^i/d ^wd = —d^Gi^i/d 'w^. Analgously, from the remaining rows of 
(2.2) we deduce the other equations in (2.4). The latter equations follow 

from A ly^^ ly, iw- ^ iw, ''X + ^ ^x, 

2.5. Note and Definition. Let U be an open subset in H and let 
f : U ^ H be a function defined on U such that 

(2.5.i) f(z,z)^f\z,z)...f(z,z), 

where each function f^{z, z) is presented by a Laurent series 

oo oo 

(2.5.n) f\zrz)=Y. j: fn,m{^-0T^-cr 

n=no m=mo 

converging on U, where f^^^ eH,^e[/,CeHisa marked point, m e Z, 
n e Z, if min(no, mo) < 0, then ( ^ U. Consider the case fii^^n — ^^^h 
m and s. The case with terms f^^ m 7^ will be considered later. 

Let [a, b] be a segment in R and 7 : [a, 6] ^ H be a continuous function. 
Consider a partitioning P of [a, b], that is, P is a finite subset of [a, b] consist- 
ing of an increasing sequence of points a — cq < ... < Ck < Ck+i < ... < Cq = b, 
then the norm of P is defined as \P\ := maxki^k+i ~ ^k) and the P-variation 
of 7 as v{-f;P) := J2k=o l7(cfc+i) - 7(cfe)|, where q = q{P) e N. The total 
variation (or the length) of 7 is defined as ^(7) = suppf(7;P). Suppose 
that 7 is rectifiable, that is, ^(7) < 00. For / having decomposition (2.5) 
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with f'^i „ = for each m and s and a rectifiable path 7 : [a, 6] — >■ [/ we 
define a (noncommutative) quaternion fine integral by the formula: 

(2.6) Jj{z,z)dz:^limI{f,r,P), where 

(2.7) /(/,7;P) := E/W,4+i).(A^fc), 

k=0 

if{z, z).h :— {dg{z, z)/dz).h for each /i e H and each s, where Az^ := Zfe+i — 
-2^fe 7(cfc) for each A; = 0, g, and where without loss of generality we 
suppose, that (? is a function such that {dg{z, z)/dz).I = f{z, z) for each z G 
U . In a similar way we define /(z, 5)(i5. We may write shortly f{z)dz or 
f\z)dz also for such integrals due to the bijective correspondence between 
z and 5. 

This definition is justified by the following proposition. 

2.6. Proposition. Let f be a function as in ^2.5 and suppose that there 
are two constants r and R such that the Laurent series (2.5) converges in the 
set B{a, r, RjH) := {z & H : r < \z — a\ < R} for each s — 1, I, let also 7 
be a rectifiable path contained in U H B{a, r', R', H), where r < r' < R' < R. 
Then the quaternion line integral exists. 

Proof. Since each converges in 5(a, r, i?, H), then 

lSn>o,m>o|/;^r/^"+'"^i?<l, hence 
ll/L:=ri(sup |/;jr"+- sup |/;ji?"+-) < 00 

g—l n+m<0 n+m>0 

and inevitably 

||/||l,..B(.,.',W:=ri[( E l/n>'"^™) + (E < 
s=l n+m<0 n+m>0 

For each locally {z, 5)-analytic function f inU and each zo in U there exists a 
ball of radius r > with center zq such that / has a decomposition analogous 
to (2.5i, ii) in this ball with all rij and rrij nonnegative, j — 1, .., I. Consider 

two quaternion {z, 5)-locally analytic functions / and q on U such that / 
and q noncommute. Let f'^ := /, g° := q, q~^ := d{q^)/dz =: q^~^ and 
q~^~^ = for some /c € N, then 
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i'i) UlY = f^l ~ ^ + f^Q ^ + ••• + {-l)^f''^^q ^. In particular, if 
/ = a;^", q = hz^ , with n > 0, /c> 0, 6 G H \ RJ, then p = [{n + l)...(n + 
p)]-^a^"+f for each peN, ^ {k- l)...{k -s + l)bz''-'. Also 

(ii) = /gi_/-ig2 + /-Y + ... + (_i)p/-PgP+i. Apply (i) fom > m 

and (ii) for n < m to solve the equation {dg{z, z)/dz).I = f{z, z) for each z G 
U . If / and q have scries converging in Int{B{zQ, r, H)), then these formulas 
show that there exists a (2;, i)-analytic function {fqY with series converging 
in 7ni(5(0, r, H)), since lim„^oo(?^?^")^^" = where < r < 00. Consider 
the equation BA = AC, where A, B and C are quaternions. Therefore, for 
each quaternion locally (2;, 5)-analytic function / there exists the operator 
/. Considering a function G of real variables corresponding to g we get that 
all solutions g differ on quaternion constants, hence / is unique for /. If 
A 7^ 0, then C = A'^BA, hence |C| = If S ^ 0, then C = BD, where 
D = B-^C and |D| = 1. Therefore, 

(2.8) - a)^'(A%)(%+i - a)^-^'(%i " «)™ = 

fn,m{^j+i - - a)"'C{n - k, m; ^^+1, Zj, a){Azj), 

where C{p, m; Zj+i, Zj, a) e H and \C{p, m; Zj+i, Zj,a) \ = 1 for each Zj^i 7^ zj, 
Zj^i ^ a, for each p and m. From Equation (2.8) it follows, that |/(/, 7; -P) | < 
\\f\\i,u,,B{o;r',R',ii)v{'y;P): for each P, and inevitably 

(2.9) |7(/,7;P)-/(/,7;Q)l <^/»n7) 

for each Q D P, where 

(2.10) ^/;P):= max {\\f{z,z)-f(C,0\\: Zj ^ ^{cj),Cj E P}, 

\\f{z, z)-f{C oil sup,^o \f(^, S).h-f(C, 0.h\/\h\. Since lim„_oo(n)Vn = 
1, then limp ci;(/, P) = 0. Prom limp ■?/;(/; P) = the existence of limp 7 (/, 7; P) 
now follows. 

2.7. Theorem. Let j be a rectifiable path in U, then the quaternion 
line integral has a continuous eoctension on the space C^{U,ii) of bounded 
continuous functions f : U ^ H. This integral is an R-linear and left-H- 
linear functional on C°(C/, H). 

Proof. Since 7 is continuous and [a, b] is compact, then there exists a 
compact canonical closed subset V in H, that is, cl{Int{V)) = V, such that 
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7([a, 6]) GVgU. Let / G Cj^{U,li), then in view of the Stone- Weierstrass 
theorem for a function F{v, w,x,y) = f o a{v, w, x, y) and each 5 > there 
exists a polynomial T such that ||F — T||o < 5, where ||/||o := ^'^Vzeu 
This polynomial takes values in H, hence it has the form: Ti i = T2 2 — 
aj^'^^ j,^ *i-u;*2a;«3y«4 g^j^j j'^ ^ = — T2J = a\'^^^ ^^v'^^w'^'^x'^^y^'^ , where summa- 
tion is accomplished by repeated upper and lower indices. There are relations 
^K"^ = 1"^ = JK = -KJ = L, KL = -LK = J, LJ = -JL = K, 
consequently, zJ — vJ — wl — xL -\- yK, zK — vK -\- wL — xl — yJ, 
zL = vL — wK + xJ — yl, where z = vl + wJ + xK + yL is in H, x and 
y are in R. Therefore, z = vl — wJ — xK — yL, Jz = vJ + wl — xL + yK, 
Kz = vK + wL + xl ~ yJ, Lz = vL — wK + xJ + yl, hence {z + z)/2 = vl, 
{Jz - zJ)/2 = wl, {Kz - zK)/2 = xl, {Lz - zL)/2 = yL From this it 
follows, that T can be expressed in z and z such that 

T = [Re{al;]i^^i^^JI + Im{al;]i^^i^^JJ + Re{a\^X,isM)^ + 

x[{z + z)/2X^[{Jz - zJ)/2\^[{Kz - zK)/2\%Lz - zL)/2\\ 

This polynomial can be rewritten in a form similar to / in §2.5 (see Formulas 
(2.5.i,ii)), since z and z commute. Two variables {z -\- z)/2 — vl and {z — 
z)/2 = wJ + xK + yL commute for each z G H. Therefore, the R-linear 
space of functions on U having decomposition {2.5.i, ii) is dense in C^{U, H). 

Consider a function g{z, z) on U , suppose that q{z, () is another function 
on such that q{z,C)\z=(^ = g{z,z). Let q{z,C,) be superdifferentiable by 
z for a fixed ( E U, then dq{z,()/dz ior z — ( is denoted by dg{z,z)/dz. 
Consider a space of all such that g on U for which {dg{z,z)/dz).S is a 
bounded continuous function on U for each S G {/, J, K, L}, it is denoted by 
Cl{U,li) = Cl'^{U,li) and it is supplied with the norm Hs'llpi := ||fi'||c" + 
J2se{i,J,K,L}\\(^9{Z:Z)/dz).S\\co, where \\g\\co := sup ^^jj \g{z)\. In view of 
Proposition 2.2 for each g G C^(C/, H) the corresponding function Q{z,C) 
satisfies Condition (2.1) by z. This entails, that dQ/dv, dQ/dw, dQ/dx 
and dQ/dy are in C°(t/^,H) (see §2.1). Consequently, imposing the con- 
dition z = ( : {dg/dz).J, {dg/dz).K and {dg/dz).L are also continu- 
ous bounded functions, hence {dg/dz).h G Cl{U x 5(0, 0, 1, H), H), where 
h G 5(0, 0, 1, H). Therefore, there exists a positive constant C such that 

(2.11) sup\{dg/dz).h\/\h\<C \\{dg/dz).S\\co, 

'^^0 S(i{I,J,K,L} 
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since h = Vhl + WhJ + XhK + yhL for each G H and (dg/dz) is R-linear 
and {dg/dz).{hi + /i2) = {dg/dz).hi + {dg/dz).h2 for each hi and /i2 G H, 
where Vh, Wh, Xh and Uh are real numbers, G(f , w, x, y) := g o a{v, w, x, y) is 
Frechet differentiable on an open subset Ua- C such that cr(f/o-) = U . 

In §2.6 it was shown that the equation {dg{z, z)/dz).I = f{z,z) has a 
solution in a class of quaternion locally {z, z)-analytic functions on U. The 
subset 2)(f^5 H) is dense in the uniform space C^{U, H). 

It g = g^---g^ is a product of functions (7* G C^'°(f/, H), then {dg/dz).h = 
Ei=i9\z,z)...g'-\z,2)[{dg'/dz).h]g'+\z,z)...g^{z,z) for each heU. Con- 
sider the space C^{U,U) := {{{dg/dz).I, {dg/dz).J, {dg/dz).K, {dg/dz).L) : 
g G C^'°(f/, H)}. It has an embedding ^ into C°([/, H) and 11(711(^1.0 > 
J2s€{i,j,K,L}\\{dg/dz).S\\co. In view of Inequality (2.11) the completion of 
C^{U,ii) relative to || * ||cO(f/,H) coinsides with C°([/, H). 

Let {f^ : j G N} be a sequence of functions having decomposition 
(2.5) and converging to / in C°([/, H) relative to the metric p{f,q) ■ = 
sup.g^ \fiz,z)-qiz,z)\ such that P = ^{dg^/dz).!, {dg^ /dz).J, {dg^ /dz).K, (dg^ /dz).L) 
for some g^ G C^' ([/, H). Relative to this metric C°([/, H) is complete. We 
have the equality 



for each continuous function F on Ua, where v = Vq + sh^, w = Wq + shw, 
X = xo + shx and y = yo + shy, {vo,wo,xo,yo) + 4>{hy, h^, h^, hy) G for 
each G R with < < s, /i^,, h^,, h^ and hy G R^. Let Zq be a marked 
point in V . There exists -R > such that 7 is contained in the interior of the 
parallelepiped V := {z E'R : z = vl + wJ + xK + yL, \v — Vo\ < R, \w — Wo\ < 
R, \x - xo\ <R,\y- yo\ < R}- 

If V is not contained in U consider a continuous extension of a contin- 
uous function F from V HUo on V, where Uq is a closed subset in U such 
that Int{Uo) D 7 (about the theorem of a continuous extension see P). 
Therefore, suppose that F is given on V. Then the function Fi{v, w, x, y) : = 
Ivo Iwo Ixo lyo ^(^1' ^1' xi,yi)dvidwidxidyi is in C^{V, H) (with one sided deriva- 
tives on dV from inside V). Consider a foliation of V by three dimen- 
sional C°-manifolds such that fl T^.-^ = for each z ^ Z\, where 
z,zx G 7, Uzg^ = Vl is a canonical closed subset in H such that 
7 C V^i C V^. Choose this foliation such that to have decomposition of a 



d{ / F(fo + Wo + 4>h^, xq + (t)h^, yo + (f)hy)d(f))/ds = F{y, w, x, y) 
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Lebesgue measure dV into the product of measures du^z) along 7 and dTz 
for each z G 7. In view of the Fubini theorem there exists Jy /(f 1, ...,yi)dV = 
I-yilr^ /(z, z)dT z)du{z). If 7 is a straight line segment then /(z, z)dz is in 
L^(T, H). Let ?7r be a real region in corresponding to U in H. 

Consider the Sobolev space Vr|(f/R, R^) of functions h : ?7r — > R^ for 
which D°'h G L^(?7r,R^) for each |a| < s, where < s G Z. In view 



of Theorem 18.1.24 |jlO|] (see also the notation there) if A G is a prop- 
erly supported pseudodifferential elliptic operator of order m in the sence 
that the principal symbol a G S™'{T*{X)) / S™'^^{T*{X)) has an inverse in 
S-^{j*(^X))/S-"'-^{T*{X)), then one can find B G properly supported 
such that BA - / G \E'"~, - / G \E'"~. One calls 5 a parametrix for 
A. In view of Proposition 18.1.21 |Ty] each A G ^E'™' can be written as a sum 
A = Ai + Aq, where Ai G \E''" is properly supported and the kernel of Aq 
is in C°°. In particular we can take a pseudodifferential operator with the 
principal symbol a(x, ^) = {b+ I^P)*''^, where 6 > is a constant and s G Z, 
which corresponds to 6 + A for s = 1 up to minor terms, where A = 
is the Laplacian (see also Theorem 3.2.13 [0 about its parametrix family). 
For estimates of a solution there may be also applied Theorem 3.3.2 and 
Corollary 3.3.3 [0 concerning parabolic pseudodifferential equations for our 
particular case corresponding to {dg/dz).I = f rewritten in real variables. 

Due to the Sobolev theorem (see |2^) there exists an embedding of the 
Sobolev space iy2^(V,H) into C°(V,H) such that \\g\\co < ^ach 
g G W2, where C is a positive constant independent of g. U h E W2~^^iV, H), 
then dh/dbj G 14^2^ (V,H) for each G N and in particular for k = 3 and 
each j = 1, ...,4 (see |22[). On the other hand ||/i||L2(yH) < ||^||c''(v,H)(2-R)^ 
for each h G L\V,U). Therefore, || A-'^/iH vk|(v,H) < C'||/i||co(y,H)(2i?)^+^ 
for each /c G N, where C = const > 0, A is an elliptic pseudodifferential 
operator such that A"^ corresponds to (1 + A). From Equations (2.6,2.7) and 
Inequality (2.11) it follows, that 

(2.12) \I{f - q,r,P)\ < p{f,q)V{i)C^exp{C2R') 

for each partitioning P, where Ci and C2 are positive constants independent 
of R, f and q. In view of Formulas (2.9,2.10) {J^ {z, z)dz : j G N} is a 
Cauchy sequence in H and the latter is complete as the metric space. There- 
fore, there exists limjlimp /(J-', 7; P) = limj {z, z)dz, which we denote 
by / f{z, z)dz. As in §2.6 we get that all solutions g differ on quaternion 
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constants on each connected component of U, consequently, the functional 
is uniquely defined on C^(?7, H). The functional : C^(^7, H) — H is 
continuous due to Formula (2.12) and evidently it is R- linear, since Xz — zX 
for each A G R and each z E H, that is, J^{Xifi{z, z) + X2f2{z, z))dz = 
J^{fi{z,z)Xi + f2{z,z)X2)dz = XiJ^fi{z,z)dz + X2 f2iz, z)dz for each Ai 
and A2 G R, /i and /2 G C°(f/, H). Moreover, it is left-H-linear, that is, 
J^{Xifi{z,z) + X2f2iz,z))dz = XiJ^fi{z,z)dz + X2 f2iz, z)dz for each Ai 
and A2 e H, fi and /2 G C^([/,H), since I{f,T,P) is left-H-linear. 

2.8. Remark. Let 77 be a differential form on open subset U of the 
Euclidean space R^*" with values in H, then it can be written as 

(2.13) n = J2rirdb^'', 

T 

where b ^ {\ ""b) G R^"*, ^b - ( ^bi, ^64), e R, rjr = Vr{b) : 
R'*™ — >■ H are s times continuously differentiable H-vahicd functions with 
s G N, T = (T(l),...,T(m)), T(j) = (T(j, 1), T(j, 4)) G for each j, 

d -^6° = 1, d ^b\ = d ^bi, d ^b^ = for each k > 1. If s > 1, then there is 
defined an (external) differential 

dr)= {dr)r/d ^bi){-l)''^^''Ub''^^+<^''^\ 

where e(j, i) = (0, 0, 1, 0, 0) with 1 on the 4(j — 1) +i-th place, a{j, i) = 
(X]/=i I]fc=i ^(^; ^)) + Z]fc=i '^(j) ^)- These differential forms have matrix 
structure themselves. Consider basic matrices S = ( ^S,..., "^S) and their 
ordered product S^'^ := ^S-''^^^\.. "^^-^^M, where = ( ^'-^i, ^,54) = 
{I,J,K,L), J-^-T^O) = jT0-,2)^T0-,3)^T0-,4)^ ^0 ^ J Then Equation (2.13) 
can be rewritten in the form: 

(2.14) r^ = J2^rdiSbr\ 

T 

where Sb = ( ^Si 'bi,..., ^Sm ""bm) e H^™, d^S^ ^bk = ^S^d^bk, := 
r]r{S~'''-)~^. Relative to the external product Id ^bi anticommutes with oth- 
ers basic differential 1-forms ^Skd^bk', for k = 2,3,4 these forms commute 
with each other relative to the external product. This means that the algebra 
of quaternion differential forms is graded relative to the external product. 
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From §2.7 it follows, that {dz + dz)/2 = Idv, Jdw = —{dz + J{dz)J)/2, 
Kdx = -{dz + K{dz)K)/2, Ldy = -{dz + L{dz)L)/2. Therefore, the right 
side of Equation (2.14) can be rewritten with d ^z, d ^z, Jd ^zJ, Kd ^ zK 
and Ld ^ zL on the right side. Prom the latter 5 differential 1-forms 4 linearly 
independent ones can be chosen, since summing these forms we have: dz = 
-2dz - JdzJ - KdzK - LdzL, hence LdzL = -{dz + 2dz + JdzJ + KdzK). 
These 1-forms do neither commute nor anticommute, since they are not pure 
elements of the graded algebra. For example, {dz A dz)i^i = {dz A dz)22 = 
—du A du, {dz A dz)i^2 — —{dz A dz)^ ^ — dt A du — dt A du; {dz A dz)i^i — 
{dz A dz)^ 2 — dt Adt + du A du, {dz A dz)i^2 — —{dz A dz)2 ^ — —2dt A du; 
{dz A dz)i^i — {dz A dz)2 2 — dtAdt + duA du, {dz A dz)i^2 — —{dz A dz)2 i = 
2dt A du; {dz A JdzJ)i^i — {dz A JdzJ)22 — —du A du, {dz A JdzJ)i^2 — 

— {dz A JdzJ)2i = dtAdu+dtAdu; {JdzJ Adz)i^i — {JdzJ A dz)22 — —duA 
du, {JdzJ Adz) 1^2 = —{JdzJ A dz)2i = —dtAdu — dtAdu; {dz AKdzK)i^i — 
{dz A KdzK) 2 2 = -dt A dt, {dz A KdzK)i^2 = -{dz A KdzK)2 ^ = -dt A 
du + d.tA du; {KdzK A dz)i^i = {KdzK A dz)2 2 = dt A dt, {KdzK A dz)i^2 = 

— {KdzK A dz)2 I = —dtAdu+dtAdu. On the other hand Equation (2.13) can 
be rewritten using the identities: {dz + dz)/2 = Idv, Idw = {Jdz — dzJ)/2, 
Idx = {Kdz - dzK)/2, Idy = {Ldz - dzL)/2, where dz = '^^j) in 2 x 2 
complex matrix notation. 

Consider a C^-function / on [/ with values in H, then 

Da ^-J = {df/d{A ^z)).A ^z = {df/d ^z).{A-'A ^~z) = D 

for each A e H, also 

D .,Af = {df/d{ ^zA)). ^zA = {df/d ^z).{ ^z)AA-' = D ,J 

for each A E H, where D^f :— {df/dh).h. We apply this also in particular 
to Iv, wJ, xK and yL. 

There is the standard embedding of the algebra of complex nxn matrices 
A into the algebra of real 2n x 2n matrices B such that in its block form 
Bi^i = Re{A), B2,2 = Re{A), Bi^2 = Im{A), ^2,1 = -Im{A), where Bij are 
n X n blocks. Therefore, quaternion differential forms can be embedded into 
the algebra of differential forms over the algebra of real 4x4 matrices. This 
shows, that the exterior differentiation operator ^d for H- valued differential 



16 



forms over H and that of for their real matrix reahzation jid coincide and 
their common operator is denoted by d. Consider the equahty 

(drir/d 'b^) ^b^ A db'^ = [{drir/d h).id 'z/d ^6')] 'b^ A db'^ 

+ [{dr]r/d 'z).{d '~z/d ^bi)] ^6' A db'^ . 

Applying it to / = 1, 4 and summing left anf right parts of these equalities 
we get dri{z,z) = {{drj/dz).d ^ z) A db^ + {{drj / dz) .d ^ z) A db^ , hence the 
external differentiation can be presented in the form 

(2.15) d = d, + d,, 

where dz and are external differentiations by variables z and z respectively. 

Certainly for an external product 771 A 772 there is not (in general) an A G H 
such that Xri2 A r^i = r/i A 772 , if ?7i and 772 are not pure elements (even or odd) 
of the graded algebra. 

2.9. Definition. A Hausdorff topological space X is said to be n- 
connected for n > if each continuous map f : ^ X from the k- 
dimensional real unit sphere into X has a continuous extension over R^"^-*^ 
for each k < n. A 1-connected space is also said to be simply connected. 

2.10. Remark. In accordance with Theorem 1.6.7 a space X is n- 



connected if and only if it is path connected and 7Tk{X, x) is trivial for every 
base point x G X and each k such that 1 < k < n. 

Denote by Int{U) an interior of a subset ?7 in a topological space X, by 
cl{U) = f7 a closure of U in X. For a subset U in H, let tti ^([7) := {u : z & 
U, where 2:1,1 = ^2,2 = t, zi^2 = —^2,1 = u} for a given t G C; 7r2,„(f/) := {t : 
z E U, where Zi^i = ^2,2 = t, Z\^2 = —^2,1 = u} for a given m G C, that is, 
geometrically ni^t{U) and 7i2,u{U) are projections on complex planes C2 and 
Ci of intersections of U with planes tti^j 3 and 7f2,n ^ "q) Parallel 

to C2 and Ci respectively. 

2.11. Theorem. Let U be a domain in H such that 7^ Int{U) C U C 
cl{Int{U)) and U is ?>- connected; Tii^tiU) and n2^u{U) are simply connected 
in C for each t and m G C for which there exists z E U. Let f be a bounded 
continuous function from U into H which satisfies Condition (2.1) on an 
open domain W such that W D U. Then for each rectifiable closed path 7 in 
U a quaternion line integral J^f{z)dz = is equal to zero. 

Proof. For a path 7 there exists a compact canonical closed subset in 
H: W C Int(U) such that 7([0, 1]) C W , since 7 is rectifiable and H is 
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locally compact. In view of Theorem 2.7 for each sequence of functions /„ G 
C^'\U,U) converging to / in Cfe°(t/,H) such that fn{z) = {dgniz, z)/dz).I 
with G H) and each sequence of paths 7„ : [0,1] U C^- 

continuously differentiable and converging to 7 relative to the total variation 
^(7 ~ In) there exists lim„ /^^ fn{z)dz = f{z)dz. Therefore, it is sufficient 
to consider the case of / e C^'^{U, H) such that f{z) = {dg{z, z)/dz).I on [/, 
and continuously differentiable 7. Denote the integral X,, f{z)dz by Q, then 
Q = if and only if QQ = 0. On the other hand, Q = limp /(/, 7; P) and Q = 
J^{dg{z,z)/dz).dz, hence Q = j^dz{dLg{z,z)/dz) = J- dz{dLg{z, z) /dz), 
where {dLq{z, z)/dz) is the left derivative, q{z,z) := a, where a = q{z,z). 
We can write this integral in the form Q = jQ{dg{z, z)/dz).'j'{t)dt. Denoting 
components of {dg{z, z)/dz) as the complex 2x2 matrix with entries fij 
with i and j G {1, 2}, we get 

= Q2,2 = t h,imM0))ii,i{0)d9~ 



Qi,2 = -Q2,i = t hM0).u{d))i^^^{9)d9+ 
Jo 







h,2m,<m'iAo)de, 



where t{9) = 71,1(6'), u{9) = 71,2(6*)- Evidently 7(1) = 7(0) if and only if two 
equalities are satisfied 7i,i(l) = 7i,i(0) and 71,2(1) = 71,2(0). That is, paths 
7i,i and 71,2 are closed in the corresponding complex planes Ci = C and 
C2 = C embedded into H. In view of the conditions of the theorem, 71,1 for 
each u and 71,2 for each t corresponding to ;z G H are contained in subsets 
T!'2,u{U) and 7ri,i(f/) respectively which are simply connected. Hence subsets 
i7i,i and f2i,2 exist in Ci and in C2 such that dQi^i = 71,1 and 9fii,2 = 71,2 and 
^1,1 C vr2,u(f/) and fli^2 C 7ri,i(f/) for each t and u corresponding to z E U 
such that f2i,i and f2i,2 are simply connected in Ci and in C2 respectively. 
It may easily be seen, taking into account §2.8, that this integral can be 
considered as the integral of a real differential 1-form along the path 7 in R^. 
To these integrals Q and Q the classical (generalized) Stokes theorem can 



be applied (see Theorem V.1.1 @])- view of the Hurewicz isomorphism 



18 



theorem (see §7.5.4 |^) Hq{U, x) = for each x G t/ and each g < 4, hence 
H\U,x) = for each / > 1. 

If / : y ^ is continuous, then r o f : Y ^ Q is continuous, if / is 
onto V, then r o / is onto Q, where r : V Q is a retraction, V, Y and 
fl are topological spaces. The topological space U is metrizable, hence for 
each closed subset Q in U there exists a canonical closed subset V <ZU such 
that V ^ VL and is a retraction of V , that is, there exists a continuous 
mapping r : V ^ Vt, r{z) = z for each 2 G f2 (see and Theorem 7.1 
[|T^ ). Therefore, if is a 3-connected canonical closed subset of U and Vt 
is a two dimensional C°-manifold such that is a retraction of V , then Vt 
is simply connected, since each continuous mapping f : ^ Q with A; < 1 
has a continuous extension / : R^"*"-*- — V and r o f : R'^+-'- — ;> f2 is also a 
continuous extension of / from S'^ on R^^-'^. 

From 3-connectedness of U it follows, that there are two dimensional real 
differentiable manifolds Qj contained in U such that dQj = 7. This may be 
lightly seen by considering partitions Z„ of U by Sf'j. fl U and taking n — >• cxo, 
where SJ^j^ are parallelepipeds in H with ribs of length n~^, I, k and n G N, 
two dimensional faces iSf' and 25*^ of Sf'f. = iSf' x 2 5'^ are parallel to Ci 
or C2 respectively such that there exists a sequence of paths 7„ converging 
to 7 relative to | * |h and a sequence of (continuous) two dimensional C°- 
manifolds Vt] with dVt] = 7^^, C Uz,fc[(5 i^D x (d 2^^)]. Choose Vli and 
^2 orientable and of class as Riemann manifolds such that taking their 
projections on Ci and C2 the corresponding paths 71,1, 71,2 and regions fl{ i 
and Q\ 2 Ci and in C2 satisfy the conditions mentioned above in this proof, 
where j = 1 or j = 2 for Qi or Q2 respectively. In this situation the abstract 
Stokes theorem is applicable. In view of the Fubini theorem we obtain QQ = 
/qix02 ^(-^1' ^1) ^ Z2), where rj = d{{dg{z, z)/dz).dz) is the 2-differential 
form, Zi G fii, Z2 G VL2. The function g is in C^'^(?7, H) and pp = pp for 
each p G H, hence {d'^g{z, z) / dzdz).{hi, h2) := (9[((9(7(2;, z) / dz).hi]/ dz).h2 = 
{d'^g{z, z)/dzdz).{h2, hi) for each hi and /i2 in H, in particular for hi = h2 = 
I. Due to Condition (2.1) there is the equality {df{z,z)/dz) = 0, hence 
{d'^g{z, z)/dzdz) = {d'^g{z, z)/dzdz) = and inevitably g = p{z) + q{z), 
where functions p and q are of class C^'^ such that dp/ dz = and dq{z) /dz = 
0. This is evident in the class of poljTiomial functions, that is dense in 
C^'^(iy, H) for each compact canonical closed set W contained in H such 
that W C U. Hence it is true in C^'^ also. Therefore, dzg{z,z) = dzp{z). 
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This means, that dzg{z,z) = dp{z), since dzP = (see Equation (2.15)). 
Then rj = (P{p) = 0, since d = nd and d"^ = 0. Therefore, Q = 0. 

2.12. Definitions. A continuous function on a domain U in H such 
that 7^ Int{U) CU C cl{Int{U)) and J^fdz = for each rectifiable closed 
path 7 in U, then / is called quaternion integral holomorphic (on U). 

If / is a supcrdiffcrentiable function on U such that it satisfies Condition 
(2.1), then it is called quaternion holomorphic (on U). 

Let B(a, 0, R, H) be a disk in H", then the completion of the space of 
all functions having decomposition (2.5.i, ii) with respect to z only, and with 
no > relative to the norm ||*||a; from §2.6, is denoted by C'^{B{a, 0, R, H), H) 
It is R-linear. Then C^(f/, H) denotes the space of all continuous functions 
f on U with values in H such that for each a E U there are R = R{f) > 
and g e C^(S(a, 0, R, H), H) with the restriction g\u^ f - If / e C^(C/, H), 
then it is called quaternion locally ^-analytic (on U). 

2.13. Corollary. Let f be a quaternion holomorphic function on an 
open 3-connected domain U in H such that ni^tiU) and 7r2,„(f/) are simply 
connected in Ci for each t and u E C for which there exists z E U, then f 
is quaternion integral holomorphic. 

This follows immediately from Theorem 2.11. 

2.14. Definition. Let U he a subset of H and 70 : [0, 1] — > H and 

7i : [0, 1] — s> H be two continuous paths. Then 70 and 71 are called homotopic 
relative to U, if there exists a continuous mapping 7 : [0, 1]^ — > U such that 
7([0, 1], [0, 1]) C U and -f{t, 0) = 7o(t) and 7(t, 1) = 71 (t) for each t e [0, 1]. 

2.15. Theorem. Let W be an open subset in H and f be a quaternion 
holomorphic function on W with values in H. Suppose that there are two 
rectifiable paths 70 and 71 in W with common initial and final points (7o(0) = 
7i(0) and 7o(l) = 7i(l)y' homotopic relative to U, where U is a 3-connected 
subset in W such that ni^t{U) and n2,u{U) are simply connected in C for each 
t and u E C for which there exists z eU. Then J^^ fdz — J^^ fdz. 

Proof. A homotopy of 70 with 71 rcaltive to U implies homotopies of 
(7o)i,i with (7i)ij relative to tti f(f/) and 'n'2,u{U) in C for j = I and j = 2 
respectively for each t and u E C for which there exists z E U . Consider a 
path C such that C(t) = 7o(2t) for each < t < 1/2 and C(t) = 7i(2 - 2t) 
for each 1/2 < t < 1. Then C is a closed path contained in a U. In view of 
Theorem 2.11 f^f{z)dz = 0. On the other hand, f(^f{z)dz — J^^f{z)dz — 
/71 f{z)dz, consequently, /^^ f{z)dz = J^^ f{z)dz. 

2.16. Theorem. Let f be a quaternion locally z- analytic function on an 
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open domain U in H", then f is quaternion holomorphic on U. 

Proof. From the definition of the superdifferential we get {dz'^ / dz).h = 
J2kZo z^hz^"^'^ and dz^ jdz — 0. Using the formula of the superdifferential 
for a product of functions, from §2.7 we obtain, that each / of the form 
{2.5.i,ii) is superdifferentiable by z when no > and m = in (2.5.m) and 
hence satisfies Condition (2.1). Using the norm || * || (^-convergence of series 
with respect to z for a given / e C^i^U, H) we obtain for each a E U, that 
there exists its neighbourhood W, where / is quaternion holomorphic, hence 
/ is quaternion holomorphic on U. 

2.17. Note. In the next section it is shown that a quaternion holomor- 
phic function is infinite differentiable; furthermore, under suitable conditions 
equivalences between the properties of quaternion holomorphicity, quaternion 
integral holomorphicity and quaternion local z-analyticity, will be proved 
there too. Integral (2.6) may be generalized for a continuous function q : 
U ^ H such that V{qoj) < oo. Substituting Az^ on q{zk+i) — q{zk) —'■ Ag^ 
in (2.7) we get 

(2.6') J f {z, z)dq{z) := lim I {f, q o 'j-j P)^ where 

q-l 

(2.7') /(/, qor,P)^Yl fi^k+i, Zk-,i).{Aqk). 

k=Q 

In paticular, if 7 e and q is quaternion holomorphic on U, also f{z,z) = 
{dg/dz).I, where g e C^'°{U,I1), then 

lj{z,z)dq{z) = l\dg/dz).{{D,q{z)U=^^,^).^'{s))ds 

and \/(7)</o |y(s)Ms. 

Let f : U ^ H, where U is an open subset of H". If there exists a 
quaternion holomorphic function g : U ^ such that g'{z).I = f{z) for 
each z & U, then g is called a primitive of /. 

2.18. Proposition. Let U be an open connected subset o/H" and g be a 
primitive of f on U , then a set of all primitives of f is: {h : h — g + C,C — 
const G H}. 

Proof. Suppose h'{z) = for each z E U, then consider q{s) := h{{l — 
s)a + sz) for each s e [0, r], where a is a marked point in U and B{a, r, H) 
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is a ball contained in U, r > 0, z & B{a,r,li). Then q is correctly defined 
and q{0) = q{l)- Therefore, the set V := {z E U : h{z) = h{a)} is open 
in U, since with each point a it contains its neighbourhood. On the other 
hand, it is closed due continuity of h, hence V — U, since U is connected, 
consequently, h — const on U. 



3 Meromorphic functions and their residues. 

At first we define and describe the exponential and the logarithmic func- 
tions of quaternion variables and then apply them to the investigation of 
quaternionic residues. 

3.1. Note and Definition. Let z e H, then 

oo 

(3.1.) exp(z) := ^/yn!. 

n=0 

This definition is correct, since real numbers commute with quaternions. If 
\z\ < R < oo, then the series (3.1) converges, since |ea;p(z)| < I]^o < 
exp(i?) < cxD. Therefore, exp is the function defined on H with values in H. 
The restriction of exp on the subset Qd := {z : z e H, z = (^^ fj, t E C} is 
commutative, but in general two quaternions zi and Z2 do not commute and 
on the function exp(2;i + Z2) does not coincide with exp(2;i) exp(2;2). 

3.2. Proposition. Let z E H be written in the form z = vl + s{wJ + 
xK + yL) with real v, w, x, y and s with w"^ + x"^ + y"^ ^ 0, then 

Ctv (v — tx] \ 

where := {w'^ + x'^ + y'^Y^'^. 

Proof. Since the unit matrix / commutes with J, K and L, then exp(t;/+ 
z) = exp{v) exp{z) for each v E H and each z E H. Consider z — s{wJ + 
xK + yL) with real s, w, x and y such that + x^ + y^ — 1, then 

w {y — ix) \ 
^{y + ix) - wj ' 

where i = (—1)^/^. Denote y — ix —: m, then 

2k 

= (w^ + |m|^)'=/ 



IS 
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for each /c G N. On the other hand |mp = + y"^, hence + |mp = 1, 
consequently, 

f;^7fc! = f;(-i)V^//(2fc)! + ^f;(-i)V*^+if_'" ^ V^^^ + i)! 

fe=0 ifc=0 fe=0 V"^ '"^/ 

/ \ T ■ ■ / \ ( m \ 
— cosisjl + ismisjl 

\m — wj 

The particular case s — corresponds to exp{0) — 1. Prom this Formula 
(3.2) follows. 

3.3. Corollary. If z & H is written in the form z — vl + wJ + xK + yL 

with real v, w, x and y, then \ exp(2;)| = exp(f). 

Proof. If w"^ + x^ + y^ = this is evident. Suppose w"^ + x"^ +y^ ^ 0. In 
view of Formula (3.2) 

, , / V . , , f (cos((f))+ism((i))w) sm((t))(x + iy) \ 

3.3 exp{z) ^ exp{v)A, where A = { ) ^ X/ -V / • 

\sm(0j (— a; + ly) (cos(0j — i sm(0jwj / 

Since A e H, then \A\'^ — det{A) — 1 and inevitably | exp(2;)| = exp(i>). 

3.4. Corollary. The function exp(2;) on the set li{ := {z : z & 

H, Re{zi i) = 0} is periodic with three generators of periods J, K and L such 
that exp(2;(l + 27rn/|2;|)) = exp(2;) for each 7^ 2; e H, and each integer num- 
ber n. If z e H is written in the form z — 2'ksM, where M — wJ -\-xK -\-yL, 
with real w, x and y such that w"^ -\- x'^ -\- y'^ — 1, then exp(2;) — 1 if and only 
ifseZ. 

Proof. In view of Formula (3.2) exp(2;) = 1 for a given 2; G H; if and only 
if cos(s0) = 1 and sin(s0) = 0, that is equivalent to s G {lim : n G Z}, since 
= 1 by the hypothesis of this corollary. The particular cases of Formula 
(3.2) are either w ^ x — y — Q\ ov w — y — Q and x ^ Q\ ov w — x — Q 
and y ^ 0, hence J, K and L arc the three generators for the periods of exp. 

3.5. Corollary. The function exp is the epimorphism from H; on the 
three-dimensional quaternion unit sphere 5^(0,1,11) := {z : z & H, = 
1}- 

Proof. In view of Corollary 3.3 the image exp(Hi) is contained in 
S'^(0, 1,H). The sphere 5^(0, 1,H) is characterized by the condition vf + 
wf-l-xl + yf = 1. In view of Formula (3.2) we have vi = cos(s), Wi = sin(s)u', 
xi = sin(s)a; and yi = sin(s)y, where s G R and w"^ -\- x'^ -\- y^ = 1. Vice 
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versa let z\ G 5*^(0, 1,H). For each v\ G [—1, 1] there exists s = arcsin{vi) 
such that vi = cos(s) and wf + xf + yf = sin^(s). The case sin(s) = cor- 
responds to = 1 and others coordinates equal to zero, hence Zi — exp(O). 
If sin(s) 7^ there are w = Wi/ sin(s), x = Xi/ sin(s) and y — yi/ sin(s), 
consequently, exp(2;) = Zi in this case too. Therefore, exp is an epimorphism 
of Hi on 5^(0, 1,H). 

3.6. Corollary. Each quaternion has a polar decomposition 

(3.4) z = pexp(27r((/)iJ + (/)2X + 03L)), 

where G [—1, 1] for each j = 1, 2, 3, ^\ + + = 1, p := \z\. 
Proof. This follows from Formula (3.2) and Corollary 3.5. 

3.7. Note. In the noncommutative quaternion case there is the following 
relation for exp and its (right) derivative: 

oc n— 1 

(3.5) exp(^)'./i = 1] ^ z''hz''-^-^/n\, 

n=l k=0 

where z and /i G H. In particular, 

(3.6) exp(2;)'.i'/ = ^;exp(2;) 

for each v G R, but generally not for all /i G H. In view of §2.6 the derivative 
(3.5) reduces to the form of the definition of superdifferentiability given in 
§2.1. The function exp is periodic on H, hence the inverse function denoted 
by Ln is defined only locally. Consider the space of all variables w, x and 
y for which exp is periodic on H. The condition w'^ + x'^ + y'^ = 1 defines in 
R^ the unit sphere 5^. The latter has a central symmetry element C for the 
transformation C{w,x,y) = (— w, —x, —y). Consider a subset P — Ufc=i -Pfc 
of of all points characterized by the conditions: Pi :— {{w,x,y) G S'^ : 
w < 0,x < 0,y < 0}, P2 := {{w,x,y) E : w > 0,x < 0,y < 0}, 
P3 := {{w,x,y) e : w < 0,x > 0,y < 0}, P4 := {{w,x,y) G : 
w < 0,a; < 0,y > 0}, then P U CP = S"^ and the intersection P nCP 
is one dimensional over R. This sphere corresponds to the embedding 
9i : {w,x,y) ^ {Q,w,x,y) G R"*. Consider the embedding of R"* into H 
given by 62 '■ {v, w, x, y) ^ vI+wJ+xK+yL G H. This yields the embedding 
6 := 62061 of in H. Each unit circle with the center in H intersects the 
equator 9{S^) of the unit sphere 5*^(0, 1, H). Join each point (wJ + xK + yL) 
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on ^(S*^) with the zero point in H by a Une {s{wJ + xK + yL) : s G R+}, 
where R+ := {s G R : s > 0}. This hne crosses a circle embedded into 
S^{0, 1,H), which is a trace of a circle {ex.p{27r s{w J + xK + yL)) : s G [0, 1]} 
of radius 1 in H. Therefore, ip{s) := exp{vl + 2its{wJ + xK + yL)) as a 
function of {v,s) for fixed {w,x,y) G S"^ defines a bijection of the domain 
X\{s{wJ + xK + yL) : s G R+} onto its image, where X is R^ embedded as 
{v, s) ^ {vl + s{wJ + xK + yL)) G H. This means, that Ln{z) is correctly 
defined on each subset X \ {s{wJ + xK + yL) : s G R+} in H. The union 
[j(w,x,y)ep{^i''^'^ + xK + yL) : s G R+} produces the three dimensional (over 
R) subset Q := ULi Qfc, where Qk := 0{Sk), Si := {iw,x,y) G R^} : 
w < 0,x < 0,y < 0}, ^2 := {{w,x,y) E : w > 0,x < 0,y < 0}, 
S3 := {iw,x,y) eR^:w<0,x>0,y<Q}, S4 := {{w,x,y) G R^ : w < 
0,x < 0,y > 0}, R+ := [0, 00). Then, on the domain H \ Q, the function 
exp(2;) defines a bijection with image exp(H \ Q) and its inverse function 
Ln{z) is correctly defined on H\cxp(Q). By rotating H\Q one may produce 
other domains on which Ln can be defined as the univalued function (that is, 
Ln{z) is one point in H), but not on the entire H. This means that Ln{z) is a 
locally bijective function. We have elementary identities cos(27r — 0) = cos(0) 
and sin(27r — 0) = — sm{(j)) for each G R. If < < 27r, then wi sin(0)/0 = 
W2 sin(27r — </>)/ {2tt — 0) if and only if wi = —(j)W2/ (27r — (j)). To exclude this 
ambiguity we put in Formula (3.2) > such that = {w'^ + x"^ + y'^Y^'^ is 
the nonegative (arithmetical) branch of the square root function on R_|_ and 
w > 0. Therefore, Ln(exp(2;)) = z on H \ Q, hence using Formulas (3.3, 3.4) 
we obtain the multivalued function 

(3.7) Ln{z) = ln{\z\) + Arg{z), where Arg{z) := arg{z) + 27tsM 

on H \ {0}, where In is the usual real logarithm on (0, 00), s G Z, 

\z\ exp{2'Karg{z)) = z, arg{z) := J + x^K + y^L, {w^, x^, yz) e R^, 

wl + xl + y"^ < 1, Wz > 0, M = wJ + xK + yL is any unit vector (that is, 
\M\ = 1) in H commuting with arg{z) G H, arg{z) is uniquely defined by 
such restriction on {wz,Xz,yz), for example, M = (arg{z) for any G R, 
when arg{z) ^ 0. 

For each fixed M = wJ + xK + yL exp(sM) is a one-parameter fam- 
ily of special unitary transformations (that is, det{exp{sM)) = 1) of H 
(that induces rotations of the Euclidean space R4), that is, exp(sM)?7 G H 
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for each G H, where H as the hnear space over R is isomorphic with 
R"*. On the other hand, there are special unitary transformations of H for 
which s — 7r/2 + tt/c, but M is variable with \M\ — 1, where k e Z, then 
exp(z) = (-l)M, where A = ^'-lu,) (see Formula (3.3)). To each 

closed curve 7 in H there corresponds a closed curve P^{'y) in a R-linear sub- 
space C 3 0, where is a projection on ^, for example, -Pr/©rj(^) = (2; — 
JzJ)/2 = vI + wJioii = R/0RJ, PR/eR/^W = {z-KzK)/2 = vI + xK, 
Pri(bIIl{z) = {z-LzL)/2 = vI+yL, PRj®Ri^(2;) = {z + LzL)/2 = wJ+xK, 
PRj®KLiz) ^ iz + KzK)/2 ^ wJ + yL, PRK®KLiz) ^ (z + JzJ)/2 = 
xK + yL, P-rj(b'RK(b'Rl{z) = {3z + JzJ + KzK + LzL)/4: = wJ + xK + yL for 
C, = RJ©RiC ©RL, etc. Particular cases of special unitary transformations 
also correspond to -u; = or a; = or y = for M 7^ 0. To each closed 
curve 7 in H and each quaternions a and b with ab ^ there corresponds a 
closed curve a'jb in H, for example, for a = J and b — K there is the identity 
JzK — vL — wK — xJ + yl for each z = vl + wJ + xK + yL in H. 

Instead of the Riemann two dimensional surface of the complex loga- 
rithm function we get the four dimensional manifold W, that is, a subset of 
Y^o .— Yi, where Yi = Y for each i, such that each F is a copy of H 
embedded into H x R^ and cut by a three dimensional submanifold Q and 
with diffeomorphic bending of a neighbourhood of Q such that two three di- 
mensional edges Qi and Q2 of Y diffeomorphic to Q do not intersect outside 
zero, Qir\Q2 = {0}, that is, the boundary dQ is also cut everywhere outside 
zero. We have dQ = dQ'" U dQ^ U dQ^, where dQ"" := {6{w,x,y) : w = 
0,{w,x,y) e ULi'S'fc}, dQ"" := {9{w,x,y) : x = 0,{w,x,y) e ULi 'S'fe} and 
dQy := {0{w,x,tj) : y = 0,{w,x,y) G ULi -^fc}- This means, that = 
{z = xK + yL : {x,y) G R^, x and y are not simultaneously positive}. 
Similarly for dQ^ and dQ^ with z = wJ + yL and z = wJ + xK in- 
stead oi z = xK + yL respectively. To exclude rotations in each subspace 
vl -\-s{aK -\-bL) isomorphic with R^ and embedded into 'KI-\-dQ^ and simi- 
larly for vl + s{aJ + bL) and vl + s{aJ + bK) we have cut dQ, where f , s G R 
are variables and a, b are two real constants such that ab < 0, + 6^ > 0. 
Then in H x R^ two copies Yi and Fj+i are glued by the equivalence relation 
of Q2,i with Qi^i via the segments {si^i{wJ + xK + yL) : si^i G R+} such 
that = S2,i for each si^i G R+ and each given real {w,x,y) G P with 

+ x^ + y^ = 1. This defines the four dimensional manifold W embedded 
into H X R^ and Ln : H \ {0} — > is the univalued function, that is, Ln{z) 
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is a singleton in W for each 2; G H \ {0}. 

3.8. Theorem. The function Ln is quaternion holomorphic on any 
domain U in H obtained by a quaternion holomorphic diffeomorphism of 
H\(5 onto U . Each path 7 m H such that 7(5) = r eyi]){2Tisn{wJ +xK +yL)) 
with s G [0, 1], n G R+, w"^ + -\- y"^ — 1 is closed in H if and only ifn G 
where r > 0. In this case 

(3.8) / z'^dz = / d{Lnz) = 27m{wJ + xK + yL). 

Proof. If U and V are two open subsets in H and gi : F — > C/ is a 
quaternion holomorphic diffeomorphism of V onto U and / is a quaternion 
holomorphic function on V , then / o is quaternion holomorphic func- 
tion on U, since (/ o g~^^)\z).h = {f'{()\(^=g-i(^zy{g~^{z)y-h for each z E U 
and each /i G H and d{f o ^-i(z))/(9z = {df{C)/dC)\^=g-^,).{dg-\z)/dz) + 
{df{C)/dC)\c=g-^{z)-{dg~^{z)/dz) = 0. Since exp is the diffeomorphism from 
H \ Q onto H \ exp{Q), we have that Ln is quaternion holomorphic on H \ Q 
and on each of its quaternion holomorphic images after choosing a definite 
branch of the multivalued function Ln{z) (sec Formula (3.7)). 

A path 7 is defined for each s G R not only for s G [0, 1] due to the 
existence of exp. In view of Formula (3.2) a path 7 is closed (that is, 7(so) = 
7(so + l) for each sq G R) if and only if cos(27rn) = cos(O) = 1 and sin(27rn) = 
0, that is, n G N. 

From the definition of the line integral we get the equality: d{Lnz) = 
f^^Lnz)' .'~i\s)ds. Considering integral sums by partitions P of [0,1] and 
taking the limit by the family of all P we get, that d{Lnz) = Arg{'y{l)) — 
Arg {'y{Q)) for a chosen branch of the function Arg{z) (see Formula (3.7)). 
Therefore, Xy d{Lnz) — 27m{wJ + xK + yL). 

Since z commutes with itself, we have: exp(2;)'.2; = exp(^)^. Therefore, 
exp{Ln{z)y.I = {d exp{r]) /dr])\n=Lniz)-{Ln{z)y .1 = exp{Ln{z)){Ln{z)y .1, 
consequently, {Ln{z)y.I = exp{—Ln{z)) = z~^ and inevitably 

lim/(2;~\ 7; P) = lim'^zf^Azi — limALn(2;;) = j dLn{z), 

hence J^z~^dz — J^dLn{z). That is, J^dLn{z) can be considered as the 
definition of J z~^dz. 
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3.9. Theorem. Let f be a continuous quaternion holomorphic function 
on an open domain U m H. If + zq) and ip are presented as piecewise 
unions of paths 7^ + Zq and ipj with respect to parameter s e [(ij,bj] and 
s G [cj,(ij] respectively with Oj < bj and cj < dj for each j = l,...,n and 
[jj[aj, bj] = [jj[cj, dj] = [0, 1] homotopic relative to Uj \ {zq}, where Uj \ {zq} 
is a 3-connected open domain in H such that 7ri^t(f/j\{2;o}) and 7r2,„(f/j\{-2o}) 
are simply connected in C for each t and u E C for which there exists z eH 
for each j. If {j + zo) and ip are closed rectifiable paths in U such that 
7(5) = r cxp{27rs{wJ + xK + yL)) with s e [0, 1] and + x^ + y^ — 1 and 
Zq ^ ip. Then 

(3.9) f{z)^{27r)-\f fiOiC -z)-'dO{wJ + xK + yL)-' 

for each z E U such that \z — Zq\ < inf^g^([o,i]) |C ~ -^ol ■ 

Proof. Join 7 and ip hy a rectifiable path lu such that Zq ^ uj, which 
is going in one direction and the opposite direction, denoted u!~, such that 
cuj U ipj U 7j U cuj+i is homotopic to a point relative to Uj \ {zq} for suitable 
ujj and cUj+i, where Uj joins 7(0^) with iplcj) and ujj+i joins ipi^dj) with 
j{bj) such that z and zq ^ Uj for each j. Then /^^ /(C) (C ^ ^)^^d( = 
~ lu)- /(C)(C ~ z)~^dC for each j. In view of Theorem 2.15 there is the 
equality - J^-^^ f {(){(- z)-'^dC = f {(){(- z)''^ dC . Since 7 + z is a circle 
around z its radius r > can be chosen so small, that f{() = f{z) + a{C, z), 
where a is a continuous function on such that lim^^^ q;(C, 2;) = 0, then 
J^+J{C){C-z)-'dC = J^+Jiz)iC-z)-'dC + S{r)^27rfiz)iwJ+xK + yL) + 
5(r), where \6{r)\ < \ J^a{C, z){C - z)-'dC\ < 27r sup^^^\a{C z)\C,exp{C2r'), 
where Ci and C2 are positive constants (see Inequality (2.12)), hence there 
exists limr^o,r>o 5(^) = 0. Taking the limit while r > tends to zero yields 
the conclusion of this theorem. 

3.9.1. Corolleiry. Let f , U , ip, z and zq be as in Theorem 3.9, then 

\f{z)\ < sup \f{0.h\. 
{Ce^,heH,\h\<i) 

3.10. Theorem. Let f be a continuous function on an open subset U of 
H. If f is quaternion integral holomorphic on U , then f is quaternion locally 
z-analytic on U . 

Proof. Let zq E U he a, marked point and let V denotes the family of all 
rectifiable paths 7 : [0, 1] — >• ?7 such that 7(0) = zq, then Uq = {7(1) : 7 G F} 
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is a connected component of zq in U. Therefore, g = J^, f{z)dz} is 

the function with the domain Uq- Let X be a compact metric space and F 
be a function continuous on U x X with values in H and for each p & X 
let fp{z) := F{z,p) be quaternion holomorphic on U hj z & U. Define 
G on U"^ X X hj G{z,w,p) := [F{z,p) — F{w,p)]{w — z)~^, w ^ z. Then 
G[z^ z,p) = {dfp{z)/dz).L It can be seen with the help of Formula (3.9) that 
G is continuous on x X, since G{b,c,q) — G{a,a,p) = J^[{dfq{z)/dz) — 
{dfp{a)/da)].dz.{c — h)~^, where 7 is a rectifiable curve such that 7(0) = 6, 
7(1) = c. Moreover, G is uniformly continuous onV''^ x X for each compact 
canonical closed subset K in H such that V <Z U . As in §2.15 it can be 
proved, that F{z) := J^f{z)dz, for each rectifiable 7 in U, depends only on 
initial and final points. This integral is finite, since 7([0, 1]) is contained in a 
compact canonical closed subset W C U on which / is bounded. Therefore, 
{di:, mdC/dz).h = f{z).h for each ^ G f/ and G H, (9/;^ f{QdC/d~z) = 
for each z & U and /i G H, where Zq is a marked point in U such that z and Zq 
are in one connected component of U. In particular, f{z).I = f{z) for each 
z & U. Here / is correctly defined for each / G C^'^{U, H) by continuity of the 
differentiable integral functional on C°([/, H). In particular, f{z).I = f{z) 
for each z & U. For a given z G U choose a neighbourhood W satisfying 
the conditions of Theorem 3.9. Then there exists a rectifiable path ip G W 
such that F{z) is presented by Formula (3.9). The latter integral is infinite 
differentiable by z such that 

(3.10) {d''F{z)/dz'')^k\{27r)-\[ f{Q{C-z)-'-'dQ{w^J+x^K+yoL)-\ 

where wq, xq and G R- are fixed and +2^0+^0 — 1- particular, we may 
choose a ball W = B{a, R,li) := e H : \^ - a\ < R} C U for a sufficiently 
small R > and i/j = 7 + a, where 7(5) = r exp{2iTs{wQj + xqK + yoL)) 
with s E [0,1], < r < R. If we prove that F{z) is quaternion locally z- 
analytic, then evidently its z-derivative f{z) will also be quaternion locally 
z-analytic. Consider z G B(a,r',H) with < r' < r, then l-z — a| < |C — q| 
for each ( E ip and {( — a — {z — a))~^ = {! — {( — a)~^{z — a))~^{(^ — a)~^ — 
E^o((C - a)-\z - a))^(C - a)-\ where ^ ^. Therefore, 

00 

(3.11) F{z) = {2n)-'J2Mz), 

k=0 

where M^) ( [ f{Cm-ar\z-a)f{C-a)-'dC){woJ + xoK + yoL)-\ 

Jib 
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Thus |0fc(2;)| < sup^g^ |/((^)|(r'/r)~'^ for each z G B{a,r',li) and series (3.11) 
converges uniformly on B{a, r', H). Each function (f)k{z) is evidently quater- 
nion locally z-analytic on B(a, r' , H), hence F{z) is such too. Since for each 
a E U there is an r' > 0, for which the foregoing holds, it follows that f{z) 
is the quaternion locally ^-analytic function. 

3.11. Note. Theorems 2.11, 2.15, 2.16, 3.10 and Corollary 2.13 es- 
tablish the equivalence of notions of quaternion holomorphic, quaternion 
integral holomorphic and quaternion locally z-analj^ic classes of functions 
on domains satisfying definite conditions. Before, the notion of quaternion 
holomorphicity was defined relative to a right superdifferentiation, similarly 
it can be defined relative to a left superdifferentiation. Quaternion local z- 
analyticity shows, that a function is quaternion holomorphic relative to a 
right superdifferentiation if and only if it is quaternion holomorphic relative 
to a left superdifferentiation. 

In particular, if / G ,C^(f/,H), then evidently F{z) := /(C)f^C and 
{df{C)/dC).I belong to iC^(f/,H), where z and zo G f/o, C G U, Uq is a 
connected component of U open in H, since (6„C")-^C = bnidC"-^^ /dC).A( 
for each C G H, AC G H, n G N, 6„ G H. 

3.11.1. Definitions. Let U be an open subset in H and / G C°([/, H), 
then we say that / possesses a primitive g G C'^{U,li) if g'{z).I = f[z) 
for each z E U. A region f/ in H is said to be quaternion holomorphically 
simply connected if every function quaternion holomorphic on it possesses a 
primitive. 

Prom §3.10 we get. 

3.11.2 Theorem. /// G C"^([/, H), where U is ?>- connected; iii tiU) and 
'^2,u{U) are simply connected in C for each t and u E C for which there exists 
z E U, U is an open subset in H, then there exists g G C'^{U, ii) such that 
g'{z).I = f{z) for each z E U. 

3.11.3. Theorem. Let U and V be quaternion holomoprhically simply 
connected regions in H with U HV connected. Then UUV is quaternion 
holomorphically simply connected. 

3.12. Corollary. Let U be an open subset in H", then the family of 
all quaternion holomorphic functions / : C/ — > H has a structure of an H- 
algebra. 

Proof. If fi{z) = ag{z)/3 + 'yh{z)5 or /2(^) = g{z)h{z) for each z E U, 
where a, /9, 7 and 5 G H are constants, g and h are quaternion holomorphic 
functions on U, then Fi and F2 are Frechet differentiable on U by {v, w, x, y) 
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(see §2.1 and §2.2) and D^fi{z) = cy{D-^g)0 + -i{D-,h)5 = and D^f2{z) = 
{Dzg)h + g{Dzh) = 0, hence /i and /2 arc also quaternion holomorphic on 
U. 

3.13. Proposition. For each complex holomorphic function f in a 
neighbourhood B{to, r, C) of a point to & C there exists a quaternion z- 
analytic function g on a neighbourhood B{a, r, H) of a G H such that aii = t^ 
(or ai,2 = to) and gi^i{t,Uo) = f{t) (or gi,2{uo,t) = f{t) respectively) on 
B{to,r, C), where B{x,r,X) := {y & X : px{x,y) < r} is the ball in a space 
X with a metric p, r > 0, uq = ai,2 (or uq = ai,i correspondingly). 

Proof. Write Conditions (2.2) for a right superhnearly superdifferen- 
tiable function in the complex form. This yields: 

(3.12) 9/i,i/9t = 0, 9/1,2/9^ = 0, dfi,,/du^O, 9/i,2/9iZ = 0. 
There are also skew conditions: 

(3.13) 9(^1,1 + ihi,2)/d{w + ix) = 0, 9(^1,2 + ihi,i)/d{w + ix) = 0. 

Other conditions derive from these. For example, for the pair of variables 
{v, y) using the matrix L we get 

(3.14) dgi^i/dv ^ dhi^2/dy, dhi^2/dv = -dgi^i/dy, 

(3.15) dgi^2/dv = dhi^i/dy, dhi^i/dv = -dgi,2/dy, 
which in complex form is the following: 

(3.16) 9(^1,1 + ih,2)/d{v - ly) = 0, 9(^1,2 + ih^,i)/d{v - ly) = 0. 

Equations (3.13) and (3.16) are equivalent to: 

(3.13') a(/i,i + fi,2)/d{w + ix) = 0, a(/i,i - h,2)/d{w + ix) = 0, 

(3.160 9(/i,i + f,,2)/d{v - iy) = 0, 9(/i,i - h,2)/d{v - iy) = 0, 

that is, there are two functions p and q holomorphic in complex variables 
w — ix and v + iy such that fi,i{z) — p{w — ix,v + iy) + q{w — ix,v + iy) and 
fi,2{z) = p{w — ix,v -\- iy) — q{w — ix,v + iy). 

Consider first an extension in the class of quaternion holomorphic func- 
tions with a right superdifferential not necessarily right superlinear on the 
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superalgebra H". Since / is holomorphic in B{to,r,C), it has a decom- 
position fit) = J2^=ofn{t — to)") where /„ G C. Consider its extension 
inS((*° ,°),r,H) such that /(^)=E;f=oK" f% ' Ho t'^- Evidently 
this series converges for each z e B{(^° j°^,r, H) and this extension of / 
is quaternion holomorphic, since (J^" j'^ G H for each n and G H, 

that is, df/dz = 0. If ^ = (_*^ and u = 0, then f{z) = En=o G'*^-^)- 
Another type of a solution is: f{z) = E^=o (J" /°) ((^ - ^;2^)/2 - (o° 

since (* °-) = (;s - JzJ)/2 for each ;2 = (_*_ \). 

Consider now more narrow class of quaternion holomorphic functions with 
a right superlinear superdifferential on the superalgebra H*^. There is an- 
other way to construct / on B{(^° j°^,r, H), because due to Theorems 2.15 
and 3.10 a quaternion holomorphic function in interior of this ball is quater- 
nion 2;-analytic in it. The construction of fi^i(t,u) satisfying the conditions 
above and such that 0) = f{t) in B{to, r, C) then comes down to find- 

ing /i, 2(^,1*) with partial differential skew conditions arising from those for 
fi^i and specific conditions on /i 2 such that /i 1 is holomoprhic in t and an- 
tiholomorphic in u, /i 2 is holomorphic in u and antiholomorphic in t (where 
antiholomorphic means holomorphic in the complex conjugate variable u or 
t respectively). 

The second type of extension can be obtained from the first by applying 
right multiplication by K on the right, that is, f{z) 1— > f(z)K — (^-^j'^^ 

3.14. Proposition. // / is a quaternion holomorphic function on an 
open subset U in H, where f'{z) 7^ and f'{z) is right superlinear, then it is 
a conformal mapping in each point z E U, that is preserving angles between 
differentiable curves. 

Proof. Let z e U, then / is differentiable at z and there exists A = 
f'{z) G H. Each quaternion h — '^^J G H can be considered as vector 

(ht, hu) in C^. Consider a scalar product in C^: (h, k) := htkt + huku. On 
the other hand, if A 7^ 0, then A = \X\C, where \(\ = 1. Rows and columns 
of the 2x2 complex matrix ( are orthonormal, hence it is unitary and 
((■/i, C^) = {h,k) for each h and A; in or for the corresponding quaternions 
in H. Therefore, for each vectors /i 7^ and A; 7^ in H 

(3.17) {Xh,Xk)/{\\h\\Xk\) = {h,k)/{\h\\k\). 

If ip and (p : (—1,1) — > U are two differentiable curves crossing in a point 
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z ^ U, then we have two vectors ip'{0) =: h and 0'(O) = k, where ip{0) = 
0(0) = z. Then /(^(s))' = f'{z)\^=^^s)-'i/j'{s). From Formula (3.17) it fol- 
lows, that / preserves the angle a between curves ip and 0, where cos(q;) = 
Re{ij'{0),d'{0))/{\iP'{0)\\(f)'{0)\) for ^''(0) 7^ and 0'(O) ^ 0. 

3.15. Theorem. Let f be a quaternion holomorphic function on an open 
subset U in H such that sup^^ui^^^^Q i n-^ \ [f{^){C "~ z)~'^]\h\ < C/\( — z\^ 
for each C G H \ cl{U). Then \f'{z)\ < C/d{z) for each z E U, where 
d{z) := inf^eH\c/ |C - z\; \f{C) - f{z)\/\C - z\ < 2C/r for each ^ and z e 
B(a,r/2,'H) C Int(B(a,r,li)) C U, where r > 0. In particular, if f is a 
quaternion holomorphic function with bounded [/(^)(C ~ z)~^]' MC ~ ^l"^ ^''^ 
H2 X 5(0, 1,H) with Id > 2\z\, that is, sup^^^gH,|c|>2M,/^eB(o,i,H) |[/(^)(C - 
2;)~^]'./i| |C — < 00, then f is constant. 

Proof. In view of Theorem 3.9 there exists a rectifiable path 7 in [/ such 
that 

(3.18) {d'f{z)/dz') = k\{27r)-\f f{C){C-z)-''-'dC){wJ+xK + yL)-\ 

where 7(5) = r' exp{27rs{wJ + xK + yL)) with s e [0, 1], < r' . Therefore, 

\nz)\ < C/d{z). Since f^dfi^z) = f{z) - /(C), then |/(0 - f{z)\/\i - z\ < 
sup^eB(a,r/2,H)[C/c^(^)] < 2C/r, where r' < r/2, ^ and 2; G 5(a,r/2,H) C 
Int{B{a,r,'tl)) C U. Taking r tending to infinity, if / is quaternion holo- 
morphic with bounded [f{z){C, — z)~'^\.h\C, — z\^ on x 5(0, 1,H) for 
Id > 2|2;|, then f'{z) — for each 2; e H, since / is locally 2;-analytic and 

suPc,2GC/,|ci>2|2|,ftGB(o,i,H) |[/(^)(C - ^)~^]--^llC - < 00 is bounded, hence / 
is constant on H. 

3.16. Remark. Theorems 3.9, 3.10 and 3.15 arc the quaternion analogs 
of the Cauchy, Morcra and Liouville theorems correspondingly. Evidently, 
Theorem 3.15 is also true for right superhnear f{z) on H for each z E U and 
with bounded f{z).h on [/x 5(0, 1, H) instead of [f {z}{C - z)-^]' MC - ■ In 
particular, if / is quaternion holomorphic on H and f{z) is right superlinear 
on H for each ^ e H and f{z).h is bounded on ^7 x B{0, 1,H), then / is 
constant. 

3.17. Theorem. Let P{z) he a polynomial on H such that P{z) = 
^n+i _^ X;^(^)=o(^fc)^''); where Ak = (ai,fe, a^,fc), a^y E U, k = {ki,...,ks), 
< kj e Z, ri{k) = ki + ... + ks, < s = s{k) G Z, s{k) < r]{k) + 1, 
{Ak, z'') := Oi^kZ^^ ...Os^kZ^' , z^ := 1. Then P{z) has a root in H. 

Proof. Consider a polynomial Q{z) := 2;"+^ + Z1^(a;)=o(-2'^; ^fe), where 
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{z^,Ak) := z^^ai^k---z^^O's,k- Then PQ is a quaternion holomorphic function 
on H. Suppose that P{z) 7^ for each z E H. Consider a rectifiable path 
■jr in H such that 7h([0, 1]) fl H = [—R, R] and outside [—R, R]: 7k(s) = 
Rexp{27rsM), where M is a unit vector in Hf. Since \im\^\^oo P{z)z^"'^^ = 
1, then due to Theorem 2.11 Hirr^^ J.^^{PQ)-\z)dz = j^^{PQ)-^{v)dv 
= I-R\P{tj)\~'^d'v ^ 0. The latter integral is equal to zero if and only if 
|P(f)|~^ = for each f G R. This contradicts our supposition, hence there 
exists a root zq G H, that is, P{zo) = 0. 

3.17.1. Note. Consider, for example, the polynomial P{z) = [z — 
a)^ + J{z — a)K on H, then there does not exist \im.z->a,z^a f {z){z — a)^^ 
and there also does not exist \iv!iz^a,z^a{,z — a)~^f{z), though /(a) = 0. 
This makes an obstacle for a quaternion analog of the Gauss theorem about 
zeros of a derivative of a complex polynomial. Even in a particular case, 
when a polynomial has a decomposition f{z) = {z — ai)...{z — am), where 
ai,...,am e H, then f{zy^f'{z).h = 'Zjiz-am)'^ ■■■{z-aj+iy^{z-ajy^h{z- 
aj+i)...{z -am), consequently, {f{z)-^f'{z).I)- =Y.j>^j{z-aj)Xj'^/\z-aj\^, 
where \j = [{z — aj^i)...{z — am)\ ■ Hence zY,jCj\z — aj\~'^ = Y.j ^j^-j^J^ , 
where XjZ =: zcjXj, Cj G H, \cj\ = 1, 2; is a root of f'{z).I. In the case of 
pairwise commuting ai,...,am this formula simplifies, but in general ,. . . ,am 
need not be commuting. 

3.17.2. Remark. The noncommutative geometry in terms of a scheme 
theory for associative algebras depends heavily on sheaf theory own a Zariski 
topology, even a noncommutative version thereof [Q. In this theory, instead 
of starting from a noncommutative algebra and dealing with its geometry as 
being "virtual" we now can consider concretely defined geometrical objects, 
but defined over a noncommutative field H. The noncommutative H-algebras 
that appear are the rings of locally analytic functions in an open set U for 
the real topology, i.e. --,([/, H). This obviously leads to the possibility to 
define presheaves and sheaves on the objects embedded into H" and endowed 
with the induced real topology; it also applies to H-analytic objects like the 
four dimensional manifold W constructed before Theorem 3.8, and indeed 
to any quaternion version of a general manifold, that is a "manifold" with a 
local H"-structure generalizing in the obvious way the local R™-structure. 
In later work we aim to study the quaternion version of sheaf cohomology 
and Cartan Theorems A and B, as well as noncommutative Stein manifolds, 
i.e. the quaternion version of holomorphy domains. 
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3.18. Theorem. Let f be a quaternion holomorphic function on an open 
subset U in H. Suppose that e > and K is a compact subset ofU. Then there 
exists a function g{z) = Poo(^) + Ylk=i Pk[{z — ak)~^], -2 G H \ {oi, a^}, 
z/ G N, where P^o and Pj are polynomials, aj G Fr{U), Fr{U) denotes a 
topological boundary of U in H, such that \ f{z) — g{z)\ < e for each ^ G K. 

Proof is analogous to the proof of Runge's theorem (see P) due to The- 
orem 3.9 and considering four dimensional cubes 5*^^^ = iSj x with 
ribs of length in H instead of two dimensional cubes in C and putting 
S := Uj^kSj^k such that K C Int{S), where n G N tends to infinity, iSj 
and 2'S'fc are two dimensional cubes in Ci and C2 which are two copies of 
C embedded orthogonally in H as RJ © RJ and Ri^ © RL correspond- 
ingly. Since / is quaternion holomorphic and K is compact, we may apply 
Formula (3.9) to each Bjk = 7 such that 7 = (^2^'^^ "^^fi)' ^^'^ ~ ^^i^ 
7i,2 = d 2Sk, it can be seen, that / can be approximated uniformly on K 
by a sum of the form Sfc=i('^i,fc(Cfc — z)~^a2^k), where aj^k G H, G Fr{S). 
For a given n G N if 6 G Fr{S), then there exists a G Fr{U) U 95(0, r,H) 
such that |6 — a| < n'^ . If 2; G K and I2; — a| > n^^, then the series 
[z — h)~^ = (J2^q[{z — a)^^{b — a)]''){z — a)^^ converges uniformly on K and 
it is clear that / can be approximated uniformly on K by a function of the 
indicated form (see also §3.17). 

3.19. Note and Definitions. Consider a one-point (Alexandroff) com- 
pactification H of the locally compact topological space H. It is homeomor- 
phic to a unit four dimensional sphere 5"^ in the Euclidean space R^. If C. 
is a point in 5*^ different from (1, 0, 0, 0, 0), then the straight line containing 
(1, 0, 0, 0, 0) and ( crosses vr^ in a finite point z, where ns is the four dimen- 
sional plane orthogonal to the vector (1, 0, 0, 0, 0) and tangent to at the 
south pole (—1, 0, 0, 0, 0). This defines the bijective continuous mapping from 

\ {(1, 0, 0, 0, 0)} onto TTs such that (1, 0, 0, 0, 0) corresponds to the point of 
infinity. Therefore each function on a subset f/ of H as a topological space 
can be considered on the homeomorphic subset in S"^. If f/ is a locally 
compact subset of H and \imz(zu^\z\-*oo f{z) exists, then / has an extension 
on U. 

Let G H be a marked point. If a function / is defined and quaternion 
holomorphic on \ {zq}, where is a neighbourhood of Zq, then zq is called 
a point of an isolated singularity of /. 

Suppose that / is a quaternion holomorphic function in B{a, 0, r, H) \ {a} 
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for some r > 0. Then we say that / has an isolated singularity at a. Let 
B{oo,r, H) := {z eH. such that < \z\ < oo}. The we say that / has an 
isolated singularity at oo if it is quaternion holomorphic in some S(oo, r, H). 

Let f : U — H be a function, where ?7 is a neighbourhood of ^ e H. 
Then / is said to be meromorphic at 2; if / has an isolated singularity at 
z. If U is an open subset in H, then / is called meromorphic in f/ if / is 
meromorphic at each point z E U. If ?7 is a domain of / and / is meromorphic 
in U, then / is called meromorphic on U. Denote by M(C/) the set of all 
meromorphic functions on U. Let / be meromorphic on a region U inti. A 
point c G Clvcuv is compact \ V")) is called a cluster value of /. 

3.20. Proposition. Let f be a quaternion holomorphic function with a 
right H-superlinear superdifferential on an open connected subset U gH. and 
suppose that there exists a sequence of points Zn E U having a cluster point 
z E U such that f{zn) = for each n G N, then / = everywhere on U. 

Proof follows from the local 2;-analyticity of / and the fact f^^\z) = 
for each < k E Z (see Theorems 2.11 and 3.10), when f'{z) is right H- 
superlinear on U, since 

/(^)(^) = lim„+^^oo(/('=-i)(C„) - f^'~'KCm)){Cn - Cm)-\ where Cn is a sub- 
sequence of {zn n} of pairwise distinct points converging to z. Therefore, 
/ is equal to zero on a neighbourhood of z. The maximal subset of U on 
which / is equal to zero is open in U. On the other hand it is closed, since 
/ is continuous, hence / is equal to zero on U, since U is connected. 

3.21. Note. Without the condition of right H-superlinearity of f'{z) on 
U Proposition 3.20 is not true in general, since fi{z) := azb and f2{z) '■— abz 
coincide on HI, but not on any neighbourhood of zero, when a and b are 
noncommuting fixed quaternions, z Eii. 

Consider a function f{z) = z~^az on H\{0}, where z eH and a G H. 
If a 7^ vl, then there exists 7^ /i G H such that h'^ah —-.b^a. For z — sh 
there exists \im^=sh,s^o^s-^o f (z) = b, for z ^ si \im^=si ^g^o^g^o f{z) = a. 
Therefore, if a ^ vl for some v E R, then there does not exist a limit of f{z) 
for z tending to zero. This makes clear, that for the quaternion field it is 
important to consider an analog of a Laurent series of a function quaternion 
holomorphic on ?7\{0} not only in terms az'', but also in aiz^'^ ...anZ^^ , where 
kj are integers, z^ :— 1. 

3.22. Theorem. Let A denote the family of all functions f such that f 
is quaternion holomorphic on U := Int{B{a,r, R,li)) , where a is a marked 
point in a, Q < r < R < 00 are fixed. Let S denote a subset of such that 
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for each k ^ S there exists m{k) := max{j : kj ^ 0, ki = for each i > j} E 
N and let B be a family of finite sequences 6 = (61, 6„) such that bj G H 
for each j — l,...,n, n e N. Then there exists a bijective correspondence 
between A and q e B'^ such that 

(3.19) lim sup Yl \{bk:z'')\=0 

m+v^oo zeB{a,ri,Ri,lI) k,m{k)=m,ri{k)=V 

for each ri and Ri such that r < ri < Ri < R, where rj{k) := ki + ... + km{k), 
q{k) -. bk = {bk,i, ■■■,bk,m{k)), {bk-,z^) = bk,iz''K..bk,m{k)z''"'^''^ for each k e S, 
that is, f & A can be presented by a convergent series 

(3.20) f{z) = J2{h,z'). 

beq 

Proof. If Condition (3.19) is satisfied, then the series (3.20) converges 
on B{a, r', R', H) for each r' and R' such that r < r' < R' < R, since ri and 
Ri are arbitrary such that r < ri < Ri < R and J2'^^=oP"' converges for each 
|p| < 1. In particular taking r^ < r' < R' < Ri for p — R'/Ri or p — ri/r'. 
Therefore, from (3.19) and (3.20) it follows, that / presented by the series 

(3.20) is quaternion holomorphic on U. 

Vice versa let / be in A. In view of Theorems 2.11 and 3.9 there are 
two rectifiable closed paths 71 and 72 such that 72(5) = a + r'exp(27rsM2) 
and 7i(s) = a + i?' exp(27rsMi), where s e [0,1], Mi and M2 G H with 
\Mi\ — 1 and IM2I = 1, where r < r' < R' < R, because as in §3.9 U 
can be presented as a finite union of regions Uj each of which satisfies the 
conditions of Theorem 2.11. Using a finite number of rectifiable paths wj 
(joining 71 and 72 within Uj) going twice in one and the opposite directions 
leads to the conclusion that for each z G Int{B{a,r' , R' ,11)) the function 
f{z) is presented by the integral formula: 

(3.21) f{z) = {27r)-'{{[ f{C){C-z)-'dOM,-'-{[ f {(){(- z)-'dC)M,-'}. 

On 7i we have the inequality: \{C,—a)~'^{z — a)\ < 1, on 72 another inequality 
holds: \{( — a){z — a)"^] < 1. Therefore, for 71 the series 

CO 

(c-^)-^-(E((c-ar'(^-«))')(c-ar^ 

k=0 
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converges uniformly by ^ G B{a, i?2 + e, Ri, H) and z G B{a, r2, R2, H), while 
for 72 the series 

00 

(C - z)-' = -{z - a)-^(^((C - a){z - a)-')'^) 

k=0 

converges uniformly by C £ B{a, ri, r2 — e, H) and z e B{a,r2, R2, H) for each 
r' < r2 < R2 < R' and each < e < min(r2 — ri, i?i — R2). Consequently, 

00 

(3.22) f{z) = J2{Mz)+Mz)), where 

k=0 

Mz) := (27r)-H / /(C)((C - a)-\z - a))^(C - a)-'dOMr'}, 

Mz) (27r)-H / /(C)(^ - a)-'{{C - a){z - a)-'fdQM:^'}, 

and where (pu^z) and tl^kiz) are quaternion holomorphic functions, hence / has 
decomposition (3.20) in U, since due to §2.15 and §3.9 there exists 5 > such 
that integrals for 0^ and ■j/'a: by 71 and 72 are the same for each r' e (ri, ri+5), 
R' G (i?i — 5, -Ri). Using the definition of the quaternion line integral we get 
(3.20) converging on U . Varying z & U hy \z\ and Arg{z) we get that (3.20) 
converges absolutely on U, consequently, (3.19) is satisfied. 

3.23. Notes and Definitions. Let 7 be a closed curve in H. There are 
natural projections from H on complex planes: tii^z) = {v, w), Tr2{z) — {v, x), 
TTsiz) = {v,y), where z = vl + wJ + xK + yL with real v, w, x and y. 
Therefore, 71^(7) =: 7; are curves in complex planes Ci isomorphic to HI ® 
R J, C2 isomorphic to HI © UK and C3 isomorphic to R7 © RL, where I — 
1, 2, 3 respectively. A curve 7 in H is closed (a loop, in another words) if and 
only if 7; are closed for each / = 1, 2, 3, that is, 7(0) = 7(1) and 7i(0) = 7^(1) 
correspondingly. For each point a G H we have its projections ai := 7ri(a). 
In each complex plane there is the standard complex notion of a topological 
index In{ai,ji) of a curve 7/ at ai. Therefore, there exists a vector In{a,^) : = 
{In{ai, 7i), In{a2, 72), In{a^, 73)} which we call the topological index of 7 at 
a point a G H. This topological index is invariant relative to homotopies 
satisfying conditions of Theorem 3.9. Consider now a standard closed curve 
7(5) = a + r cxp(27rsnM), where M G Hj with \M\ = 1, n G Z, r > 0, s G 
[0, 1]. Then /n(a, 7) := {2n)^^{L dLn{z — a)) — nM is called the quaternion 
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index of 7 at a point a. It is also invariant relative to homotopies satisfying 
the conditions of Theorem 3.9. Moreover, In{hiah2, hi'yh2) = In{a,'y) for 
each hi and /i2 e H \ {0} such that /iiM/i2 ^ M. For M ^ w J + xK + yL 
there is the equality In{a, 7) = In{ai, ■yi)wJ + In{a2, j2)xK + In{a^, 'jsjyL 
(adopting the corresponding convention for signs of indexes in each Cj and 
the convention of positive directions of going along curves). In view of the 
properties of Ln for each curve ip in H there exists dLn{z — a) = 2nqM 
for some g e R and M e Hi with \M\ — 1. For a closed curve ■0 up to 
a composition of homotopies each of which is charaterized by homotopies 
in Ci for / = 1, 2, 3 there exists a standard 7 with a generator M for which 
In{a, 7) = qM, where g G Z. Therefore, we can take as a definiton In{a, ip) = 
In{a, 7). Define also the residue of a meromorphic function with an isolated 
singularity at a point a e H as res{a, f) := {J^ f{z)dz){2TrM)~^ , where 
7(s) = a + rexp(27rsM) C V, r > 0, |M| = 1, M e Hj, s e [0,1], / is 
quaternion holomorphic on V \ {a}. 

If / has an isolated singularity at a G H, then coefficients bk of its Laurent 
series (see §3.22) are independent of r > 0. The common series is called the 
a-Laurent series. If a = 00, then g{z) := f{z~^) has a 0-Laurent series Ck such 
that c_fc = bk- Let P := sup^^_^o vi^')^ where r){k) — ki + ... + km, m — m{k) 
for a = 00; (3 = inf5^.^o ^(^') for ^ 7^ cxd- We say that / has a removable 
singularity, pole, essential singularity at 00 according as/9<0,0</9<cx3, 
(3 = +00. In the second case (3 is called the order of the pole at 00. For a 
finite a the corresponding cases are: /3 > 0, —00 < /3 < 0, P — —00. If / has 
a pole at a, then \P\ is called the order of the pole at a. 

A value of a function df{a) := inf{?7(A;) : bk ^ 0} is called a divisor of 
/ at a 7^ 00, df{a) := inf{— -^(A;) : bk 0} for a = 00. Then df-^-g{a) > 
min{9/(a), dg{a)} for each a G dom{f) fl dom{g) and dfg{a) = df{a) + dg{a). 
For a function / meromorphic on an open subset [/ in H the function df(p) 
by the variable p E U is called the divisor of /. 

3.24. Theorem. Let U be an open region in H with n distinct marked 
points pi,...,Pu, and let f be a quaternion holomorphic function on U \ 
{pi,...,Pn} ='■ Uq and ip be a rectifiable closed curve lying in Uq such that 
Uq satisfies the conditions of Theorem 3.9 for each Zq G {pi, Then 

/ f{z)dz = 27r ^ in{pj, i)res{pj, /). 
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Proof. For each pj consider the principal part Tj of a Laurent series for 
/ in a neighbourhood of pj, that is, Tj{z) = J2k,r]{k)<o{bk, {z — Pj)^)-, where 
ri{k) — ki-\- ...-\-kn for k — {ki, A;„) (see Theorem 3.22). Therefore, h{z) :— 
f{z) — J2j Tj{z) is a function having a quaternion holomorphic extension on 
U. In view of Theorem 3.9 for a quaternion holomorphic function g in a, 
neighbourhood ^ of a point p and a rectifiable closed curve ( we have 

in{p,09{p) = {27r)-\ [ g{z){z - p)-'dz) 

(see §3.23). We may consider small Q around each pj with In{pjXj) — 
In{pj,j) for each j = l,...,n. Then J^^ f{z)dz = ^^^Tj{z)dz for each j. 
Representing f/o as a finite union of open regions Uj and joining Q with 7 by 
paths ujj going in one and the opposite direction as in Theorem 3.9 we get 

/ f{z)dz + Y [_f{z)dz = 0, 
7 j Cj 

consequently, 

/ f{z)dz ^Y j f(z)dz = Yl '^^Mpj, -f)res{pj, /), 

where In{pj,^) and res{pj, f) are invariant relative to homotopies satisfying 
conditions of Theorem 3.9. 

3.25. Corollary. Let f andT be the same as in ^3.24, then res{pj, f) = 
res{pj,Tj) = res{pj,Y.k,'n{k)=-i(^k,{z - pjf)), in paHicular, res{pj,b{z - 
Pj)-') = b. 

3.26. CoroUciry. Let U be an open region in H with n distinct points 
Pi, ...,Pn, let also f be a quaternion holomorphic function on U\{pi, ...,p„} =: 
Uq, Pn = 00, and Uq satisfies conditions of Theorem 3.9 with at least one ip, 
7 and each Zq G {pi, ...,Pn}- Then J2pjeu i"es{pj, f) = 0. 

Proof. If 7 is a closed curve encompassing pi,...,pn_i, then 7~(s) := 
7(1 — s), where s e [0, 1], encompasses Pn — 00 with positive going by j~ 
relative to pn- Since f{z)dz + J^- f{z)dz — 0, we get the satement of this 
corollary from Theorem 3.24. 

3.27. Definitions. Let / be a holomorphic function on a neighbourhood 
y of a point zeU. Then the infimum: n{z; f) := inf{A; : /c G N, f^^\z) 7^ 0} 
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is called a multiplicity of / at z. Let / be a liolomorphic function on an open 
subset U in H. Suppose w G H, then the valence Vj{yS) of f at w is by the 
definition z/j(w) := oo, when the set {z : f{z) = w} is infinite, and otherwise 
^f{w) ■■=Ezj(z)=wn{z; f). 

3.27.1. Theorem. Let f be a meromorphic function on a region [/ C H. 
If b E H. and Ufib) < oo, then b is not a cluster value of f and the set 
{z : i^f{z) = i^f{b)} is a neighbourhood ofb. IfU^'H.orf is not constant, 
then the converse statement holds. Nevertheless, it is false, when f = const 
on H. 

3.27.2. Theorem. Let U be a proper open subset of H, let also f 
and g be two continuous functions from U := cl{U) into H such that on a 
topological boundary Fr{U) of U they satisfy the inequality \ f{z)\ < \g{z)\ 
for each z G Fr{U). Suppose f and g are meromorphic functions in U and h 
be a unique continuous map from U into H such that h\E = f\E + g\E, where 
E := {z : f{z) ^ oo, g{z) ^ oo}. Then v g\v{^) - v g\v{^) = i^h\uW-i^h\uioo). 

Proofs of these two theorems are analogous to that of Theorems VI. 4.1, 
4.2 §. 

3.28. Theorem. Let U be an open subset in H", then there exists a rep- 
resenation of the H-linear space C^^iU, H) of locally [z, z)-analytic functions 
on U such that it is isomorphic to the Ti-linear space C'^{U, H) of quaternion 
holomorphic functions on U . 

Proof. Evidently, the proof can be reduced to the case n = 1 by induction 
considering local {z, 5)-series decompositions by ( ^z, "5) with coefficients 
being convergent series of ( '^z, ^z, ^~^z, For each z G H there are 

identities: JzJ = —vl — wJ + xK + yL, KzK = —vl + wJ — xK + yL, 
LzL = —vI + wJ + xK — yL, where z = vl + wJ + xK + yL with v, w, x and 
?/ G R. Hence Pyii{z) = vI = {z-JzJ-KzK-LzL)/4, Pn,j{z) = wJ = {z- 
JzJ+KzK+LzL)/A, P-Rxiz) = xK = {z + J zJ -KzK+LzL) / A, Pniiz) = 
yL = {z + JzJ + KzK — LzL)/ A are projection operators on RJ, RJ, RfC 
and RL respectively, where /, J, K and L are orthogonal vectors relative 
to the scalar product in C^, Yl 3 z ^ {t,u, —u,i) G C^. Therefore, z = 
vI-wJ-xK-yL = -{z + JzJ + KzK + LzL)/2 and dz = {dv)I-{dw)J- 
{dx)K — {dy)L = —{dz + J{dz)J + K{dz)K + L{dz)L)/2. Consequently, each 
polynomial in {z, z) is also a polynomial in z only, moreover, each polynomial 
locally {z, z) analytic function on U is polynomial locally z-analytic on U . 
Then if a series by {z,z) converges in a ball 5(2:0, r, H"), then its series 
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in the 2;-representation converges in a ball B{zQ,r/2,li'^). Then J^zdz = 
— (/^ zdz + JzJdz + KzKdz + LzLdz)/2 and zdz = for a closed 
rectifiable curve 7 in H in such representation. This is not contradictory, 
because from fi\^ = f2\^ it does not follow = /2|^, since f{z) is defined 
by values of a function / on an open neighbourhood of a point z G H, where 
/, /i and /2 G C°([/, H). Therefore, dLnz is quite different in general from 
J^zdz (see §2.5 and §3.8). Considering basic polynomials of any polynomial 
basis in (^^^(t/, H) we get (due to infinite dimensionality of this space) a 
polynomial base of C^(f/, H). This establishes the R-linear isomorphism 
between these two spaces. Moreover, in such representation of the space 
C^j(?7, H) we can put Dz = 0, yielding for differential forms = 0, this 
leads to differential calculus and integration with respect to Dz and dz only. 

3.29. Notes. The latter paragraph also shows that for ;C^j(f/, H) and 
for rCzziU, H) operators Dz and Dz are different and neither Dz nor Dz may 
be omitted from the differential calculus, since automorphisms z azb of 
H with given quaternions a and b such that a6 7^ do not leave iCzz{U, H) 
and r.C^5(?7, H) invariant. 

Apart from the complex polynomial case in the quaternion case a poly- 
nomial may have infinite family of roots, for example, P{z) = z'^ + zJzJ + 
zKzK + zLzL — 1 has a 3-dimensional over R manifold of roots P{z) = 0, 
since P{z) = —1\z\^ — 1. 

Theorem 3.27.2 is the quaternion analog of the Rouche theorem. 

The function j{z) := co^{zz) := [exp( J2;5) +exp(— j2;2)]/2 is bounded on 
H, but neither the operator / is right superlinear, nor the operator [/(2;)((^ — 
2)]-2]-./i|C - z\^ is bounded on x 5(0, 1,H) for |C| > 1\zl then f{z) = 
cos{zz) can be written in the corresponding representation as a quaternion 
locally z-analytic function, since Z]5^Li(2-R)'^/n! converges for each < R < 
00. This shows that in the last part of Theorem 3.15 its conditions cannot 
be replaced by boundedness of a quaternion holomorphic function /. An 
interesting analog of the Liouville theorem for real harmonic functions was 
investigated in p[. Possibly the particular case of the quaternion analog of 
the Liouville theorem for right superlinear / may be deduced from with 
the help of Equations (2.4) of Corollary 2.4 above. 

There are other ways to define superdifferentiations of algebras of quater- 
nion functions: 

(1) factorize an algebra of quaternion locally {z, 5)-analytic functions / : 
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— s> H by all relations of the form Sj^izSj^2 — 5], where 5'^,^ e H are 
fixed and X)j Sj^izSj^2 = z for each z eH; 

(2) use as a starting point superlinearly superdifferentiable functions / : 
[/ — > H and then prolong a superdifferentiation on products of such functions 
with milder conditions on a super differential, but they lead to the same result. 
This approach can be generalized for general Clifford algebras over R, but 
some results will be weaker or take another form, than in the case of H". 

3.30. Theorem (Argument principle). Let f be a quaternion holomor- 
phic function on an open region U satisfying conditions of ^3.9 and let 7 be 
a closed curve contained in U, then /n(0; f o "f) = J2df(a)^o In{a] ^)df{a). 

Proof. There is the equality /n(0; / o 7) = /^^^ dLn{f{()) — Jq dLn{f o 
7(s)) = IJ-\C)df{C)- Let df{a) = n e N, then 

f-\a)f'{a).S = Y: - ar9s,i,k,i;nu...,nM 

l,k;ni+...+nk=df{a),0<njeZ,j=l,...,k 

{z — a)"^5'S',/,fc,2;ni,...,nfe(^)---(^ — o)^*" 9 S,l,k,k;nx,...,nk{'^) ■, 

where gs,i,p,k;ni,...,nk{z) are quaternion holomorphic functions of z on U such 
that gs,i,p,k;ni,...,n,{a) ^ 0, S e {/, J, K, L}, where Z = 1, m, 1 < m < 4^/(«) 
(see §§2.8, 3.7, 3.22, 3.28), since each term ^{z){v - vo)"^{w - wo)''^{x - 
XQ)"'^{y — yo)"* with Ui + ... + 71-4 > df{a), Uj > 0, has such decomposition, 
where ^{z) is a quaternion holomorphic function on a neighbourhood of a 
such that ^(a) 7^ 0. Suppose is a closed curve such that In{p, ip) = 27rnM, 
\M\ = 1, M e Hi, 7^ n e Z. Then we can define a curve 

^l/n ^. 

cu as 

a closed curve for which In{p,uj) = 27rM and a;([0, 1]) C ■0([O) !])■ Then we 
call oj'^ = ip. That is, In{p,^^^^) = I{p,ip)/n. The latter formula allows 
an interpretation also when In{p,ilj)/n is equal to 27rgM, where 7^ g G Q. 
That is, a curve ■j/;^/" can be defined for each 7^ n G Z. This means 
that 7 can be presented as union of curves cuj for each of which there exists 
Uj G N such that o;"^ is a closed curve. Using Theorem 3.9 for each a E U 
with df{a) 7^ 0, also using the series given above we can find a finite family 
of Uj for which one of the terms in the series is not less, than any other 
term. We may also use small homotopic deformations of ujj satisfying the 
conditions of Theorem 3.9 such that in the series one of the terms is greater 
than any other for almost all points on cuj. Such deformation is permitted, 
since otherwise two terms would coincide on an open subset of U, that is 
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impossible. Considering such series, Formulas (2.6, 2.7) and using Theorem 
3.27.2 we get the statement of this theorem. 

3.31. Theorem. /// has an essential singularity at a, then cl{f{V)) = 
H for each V C dom{f), V = U \ {a}, where U is a neighbourhood of a. 

Proof. Suppose that the statement of this theorem is false, then there 
would exist r > and m > and a quaternion A e H such that / is 
2;-analytic in i?(a,0,r, H) \ {a} and \f{z) — A\ > m for each z such that 
< \z - a\ < r. If cx) ^ c/(/(V)), then there exists R > such that A ^ 
d{f{V)) for each \ A\ > R. Therefore, the function [f{z) —A]~^ is quaternion 
holomorphic in B(a, 0,r, H) \ {a}. Hence [f{z) — A]^^ = J2k{Pk, {z — a)^), 
where in this sum k = {ki, km{k)) with kj > for each j = 1, m{k) G N, 
Pk are finite sequences of coefficients for [f{z)—A]~^ as in §3.22. If D^{[f{z) — 
A]~^)\z=a = for each n > 0, then [f{z) — A]^^ = in a neighbourhood of 
a. Therefore, [f{z) — A]^^ = J2ni+...+ni=n9i^"^ ■■■9i^"'^ some n such that 
< n G N, Tij > for each j = 1,...,/ G N, each gj is a quaternion 
holomorphic function (of z). Consequently, taking inverses of both sides 
[f{z) — A] and {J2ni+...+ni=n9i^"'^ ■■■91^"''')'^ and comparing their expansion 
series we see that finite sequences bk of expansion coefficients for / have the 
property bk = for each r]{k) < —n. This contradicts the hypothesis and 
proves the theorem. 

3.32. Definition. Let a and b be two points in H and ^ be a stere- 
ographic mapping of the unit four dimensional real sphere 5''* on H. Then 
x(a, b) := 10(a) — 0(&)|ji5 is called the chordal metric, where := 6^^ : H — >• 
S^, S"^ is embedded in and | * |j^5 is the Euclidean distance in R^. 

3.32.1. Theorem. Let U be an open region in H, {/„ : n G N} 
be a sequence of functions meromorphic on U tending uniformly in U to f 
relative to the chordal metric. Then either f is the constant oo or else f is 
meromorphic on U . 

3.32.2. Theorem. Let {/^ : k G N} be a sequence of meromorphic 
functions on an open subset U in H, which tends uniformly in the sence of 
the chordal metric in U to f , f ^ const. If f{a) = b and r > are such that 
B{a, r, H) C ?7 and f{z) ^ b for each z E B{a, r, H) \ {a}, then there exists 
m G N such that the value of the valence of fk\B{a,r,'H) ^ ^(^! /) ~ ^i^'^ f) 
for each k > m. 

3.32.3. Note. The proofs of these theorems are formally similar to 
the proofs of VI. 4. 3 and 4.4 [Q. Theorem 3.32.2 is the quaternion analog of 
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the Hurwitz theorem. There are also the following quaternion analogs of the 
Mittag-Leffler and Weierstrass theorems. Their proofs are similar to those for 
Theorems VIII. 1.1 and 1.2 respectively. Nevertheless the second part of the 
Weierstrass theorem is not true in general because of noncommutativity of 
H, that is, a function h G M(f/) with dh = d \s not necessarily representable 
as h = fg, where g is quaternion holomorphic on U and / is another marked 
function / G M(t/) such that df = d. In the proofs ordered products of 
more elementary polynomial functions and in particular linear terms (z — bk) 
have to be considered as in §3.28, using Theorems 3.17 and 3.22. Theorem 
3.33.2 is not true in general without condition of right superlinearity (or left 
superlinearity) of the supcrdifferential, for example, the function f{z) = xK 
serves as a counterexample, where z = vl + wJ + xK + yL, v, w, x and 

y eR, z eH. 

3.33. Theorem. Let U be a nonempty proper open subset o/H, let A C 
U not containing any cluster point in U. Let there be a function gi G M(H) 
for each b E A having a pole at b and no other. Then there exists f G M([/) 
quaternion holomorphic on U \ B and having the same principal part at b 
as Qb. If f is such a function, then each other such function is the function 
f + g, where g is quaternion holomorphic on U. 

3.33.1. Theorem. Let U be a proper nonempty open subset o/H. Let 
d : U Z be a function such that {d{z) ^ 0} does not have a cluster point 
in U . Then there exists f G M(t/) such that df = d. 

3.33.2. Theorem. Let U be an open region in H and f be a function 
quaternion holomorphic on U with a right superlinear supcrdifferential on U . 
Suppose f is not constant and i?(a, r, H) C U, where < r < oo. Then 
f[B{a,r,li)) is a neighbourhood of f{a) in H. 

3.34. Remarks. For calculating expansion coefficients bk of a function / 
quaternion holomorphic on U\{zo} , where U is open in H, it is possible to use 
the residues res[{f{z){z - ZoYY^'^iSj,, SjJ], where Sj G {/, J, K, L}, < 
/ G Z, < n G Z. But the system of equations for each b^ = (6fc,i, •••,fcfc,m) 
is nonlinear in general. The calculation of a residue of a term (6^, z'^) along 
the closed curve 7(5) = rexp(27rsM) (or ip homotopic to it and satisfying 
conditions of Theorem 3.9) with \M\ = 1, M G Hi, s G [0, 1], reduces to a 
calculation of a R-linear combination of integrals of the form 

/o^ exp(27rsniAfi)... cxp(27rsn;M;)(isA, where ni,...,ni G Z, ni + ... + n; = 0, 
Mj := SjMSj, Sj G {/, J, K, L} for each j = 1, ^ G {J, K, L}. The case 
of / G iC^iU, H) is trivial due to CoroUary 3.25. 
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For several quaternion variables a multiple quaternion line integral I : = 
/^^(...(/^^ /( ^z,..., "'z)d ^z)...)d^z may be naturally considered for rectifi- 
able curves 7i,...,7„ in H. If 7^ = Vj exp{2TrSjMj) with < r j < 00, Sj e [0, 1] 
and [Mk, Mj] = commute for each k,j = 1, ...,n, then this integral I does 
not depend on the order of integration for / G C^{U, H), where U is an open 
subset in and 7^- C for each j, U = x ... x ^U, W is an open 
subset in H. Therefore, there is the natural generalization of Theorem 3.9 
for several quaternion variables: 

(3.9') (27r)V(^o) = 

(/ (...(/ f{x...rc)Cc- 'z,)-'d\)M-')...)rc- ^zo)-'d\)M-' 

Jlpn Jlpl 

for the corresponding ?7 = ^Ux...x where t/'j and W satisfy conditions 
of Theorem 3.9 for each j and / is a continuous quaternion holomoprhic 
function on U. 
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